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Abstract 

The main part of this paper is a big table (see Appendix^ containing 
what we believe to be a complete list of all fourth order equations of 
Calabi-Yau type known so far. In the text preceding the tables we explain 
what a differential equation of Calabi-Yau type is and we briefly discuss 
how we found these equations. We also describe an electronic version of 
this list. 
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1 Differential equations of Calabi-Yau type 

The differential equations we will be investigating are all of the following form 

fc 

D«, fc := XViW). (1) 

i=0 

Here 9 := zJ^ and the Pi{9) are polynomials with integral coefficients and order 
n. We will mostly restrict ourselves to equations of order 4, but the number of 
terms k + 1 will vary. Independently of the number of terms we can rewrite the 
differential equation D n ^y = in the following way 

y {n) + a n -i(z)y< n - 1 ') + ■■■ + a 2 (z)y" + a y (z)y' + a (z)y = 0, 



1 



where the di(z) are rational functions of z. Recall that at any point z = a 
(including z — oo via the transformation w — we can define the so called 
indicial equation which governs the existence of solutions of the form z A x 
(power series in z). The set of solutions (with multiplicities) to the indicial 
equation at a certain point will be called the spectrum at that point. 

In £Q the authors define Calabi-Yau equations to be differential equations 
of the form D^y = satisfying certain extra conditions. Let us briefly list the 
conditions satisfied by the equations from Appendix [S] For an explanation of 
these conditions we refer to Ej • Together they can be considered to define 
the notion of a Calabi-Yau equation. 

Condition 1. The singular point z = is a point of maximal unipotent mon- 
odromy, i.e., the indicial equation at z = should have as its only solution. 

Condition 2. The coefficients a,(z) satisfy the following equation 

11 3 1 

oi = 2 a 2°3 - ga 3 + a' 2 - -a 3 a' 3 - -a' 3 '. 

Condition 3. The solutions Ai < A2 < A3 < A4 of the indicial equation at z = 00 
are positive rational numbers satisfying Ai + A4 — A2 + A3 = s for some s G Q 
(symmetry). We also suppose that the eigenvalues e 27 ™ A of the monodromy 
around z — 00 are the zeros (counted with multiplicity) of a product of cyclo- 
tomic polynomials, which can be interpreted as the characteristic polynomial of 
the monodromy around z = 00. 

Condition 4. The power series solution near z = has integral coefficients. 

Condition 5. The genus zero instanton numbers computed by the standard 
recipe are integral (up to multiplication by an overall positive integer corre- 
sponding to the degree, which is not apparent from the differential equation 
alone). 

2 Construction of Calabi-Yau equations 

Some of the equations we collected in this paper have a geometric origin. These 
account for equations #1-28 except #9 in our list (see introduction to the main 
tabic for the precise references) . Such geometric equations served as the starting 
point of our list. They are automatically of Calabi-Yau type because of their 
geometric origin. We observed that the expressions for the differential opera- 
tors are very similar. This encouraged us to start looking for more equations 
that share the properties listed above. To find such equations we used various 
constructions: 

• Translation to other singular points (not z = 0) with spectrum {a, a, a, a} 

• Manipulation of binomial expressions for the coefficients of the power series 
solution 

• Hadamard product 

• 'Pullbacks' from fifth order equations 

• Computer searches 
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The first method of obtaining new equations is rather trivial. Note that we 
defined a Calabi-Yau equation to have a point of maximal unipotent monodromy 
at z = 0. However, it can have other singular points where the spectrum consists 
of a single value a with multiplicity 4. These points can be found by computing 
the spectrum at all singular points. By translating to such a point (i.e., by 
substitution z — zq + w if zq is the MUM-point or z = 1/w if the MUM-point 
is at infinity) and simultaneously replacing y by w~ a y we get a new equation 
for y, that has maximal unipotent monodromy at w = 0. Of course in some 
sense it is still the same equation. However, it can happen that one arrives 
at the same equation at a different point of maximal unipotent monodromy in 
entirely different ways. Then it may not always be clear that two equations are 
just translates of each other (in the sense described above). An example of a 
Picard-Fuchs equation with two points of maximal unipotent monodromy was 
discussed in |12l I13| . In that case both points have a geometric interpretation. 
By including translates it is easier to check if we include a certain equation. 

The next three constructions are discussed in more detail in 0. We will 
restrict ourselves to a few brief remarks. In many cases explicit formulas are 
known for the coefficients of the power series solution around z = 0. They satisfy 
a recursion relation coming from the differential equation. As can be seen from 
the list, in many cases the coefficients can be expressed in terms of sums or 
double sums of binomial expressions. There are many ways of transforming 
such expressions to other expressions which still satisfy a recursion relation. 
Translating this recursion relation back to a differential equation we obtain a 
new differential equation which in many cases turns out to be of Calabi-Yau 
type again. 

The Hadamard product of two equations with power series solutions around 
z = given by J2^=o A n z n and J2^Lo B n z n i s tne differential equation that has 
J2 n =o An,B n z n as its power series solution. As explained in pQ the Hadamard 
product can be used to construct higher order equations from lower order ones. 
The lower order ones come from |16l [6] and computer searches. 

As discussed in £Q we can construct a fifth order equation from a fourth 
order one. This construction also goes the other way: given a suitable fifth order 
equation the corresponding fourth order equation can be constructed. The fifth 
order equations are found by other methods similar to the ones discussed above 
for fourth order equations. 

2.1 Computer searches 

A look at the list of differential equations shows that certain types occur very 
often. If we restrict to equations with k = 1, then the list reduces to the 14 
hypergeometric cases. These are all of the form 



for integers c, u, v, w, and x. The term without z has to be a9 for some integer 
a ^ because we want the equation to have maximal unipotent monodromy 
at z = 0. For some reason only a = 1 occurs. The last term determines the 
indicial equation at z = oo, as can be seen by transforming to w = z~ x . 



D 



ihg _ 

4,1 — 



# 4 — cz(v8 + u)(x9 + w){x9 + x — w)(v8 + v — u), 



(2) 



k 




(3) 



i=0 
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where 9 W :— w-^. Therefore the indicial equation at z — oo is 

P fc (-A) = 0. 

Hence Condition [3] tells us among other things that Pk(— A) has rational roots. 
Another part of this condition is the symmetry Ai + A4 = A2 + A3 = s for some 
s € Q. Take s = 1 and write Ai = ^ and A2 = — , then we find the expression 
from 0. 

However, we still have not fully exploited Condition [3J The characteristic 
polynomial has to be a product of cyclotomic polynomials. As it has fixed degree 
4, there are only finitely many possibilities (see Tabled . The Ai are defined by 
the property that e 2wlAl , . . . , e 2mXi is the full set of zeros of the characteristic 
polynomial. This determines the Ai up to integer shifts. Because they also have 
to be positive and we have the symmetry condition Ai + A4 = A2 + A3 = s, there 
are only finitely many choices for the Aj's for a fixed characteristic polynomial 
and fixed s. As mentioned above, for the hypergeometric equations s turns out 
to be 1. We listed the 14 possible spectra in Tabled These correspond exactly 
to the first 14 equations in our list. Given the spectrum at z = 00 the only thing 
that is not fixed is the constant c. This constant can easily be found by requiring 
the coefficients of the power series solution around z = to be integral. 

One step up from the hypergeometric equations are the Calabi-Yau equa- 
tions with k — 2. In this case the most general form is 

Df 2 n = 9 4 - cz(A6 4 + 2A9 3 + (B + A)9 2 + B9 + C) 

(4) 

- dz 2 (v8 + u){x6 + w)(x8 + 2x~ w){v9 + 2v- u). 

The first and the last term are again restricted because of the required mon- 
odromies (Conditions ^3 and [31) , where again we suppose that the coefficient of 
9 4 is 1. The only difference is that for the spectrum at z = 00 we now use s = 2 
instead of s = 1. This is just based on the experimental fact that for k — 2 most 
Calabi-Yau equations turn out to have s = 2. In fact our database contains one 
exception (s = |). For larger k we observe that several values of s occur (based 
on the equations in our database). 

Condition forces the middle term (with z) to be of the given form, as can 
be checked by computing the coefficients a,i(z) for a general polynomial P\{9). 
In practice in most cases the middle term factors and the operator is of the form 

Dff = 9 4 - cz(v9 + u){v8 + v- u){A9 2 + A9 + B) 

- dz {v6 + u)(x9 + w)(x9 + 2x- w){v9 + 2v - u). 

Using this form reduces the number of parameters by one which makes the 
computer search a lot faster. 

As mentioned above, we also search for equations of lower order (n = 2 
or n = 3) because they can be used as factors in the Hadamard product to 
find interesting fourth order equations. We have searched for operators of the 
following forms (see pQ) 

D\f = 9 2 - c(A9 2 +A9 + B)- d(9 + l) 2 

and 

£>3,2 d = 03 - c i 20 + 1){A9 2 +A9 + B)- d{9 + l) 3 . 
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Table 1: Possible characteristic polynomials and spectra 
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The special forms of the operator discussed above allow us to do a computer 
search for Calabi-Yau equations. For fourth order equations we use the following 
two step process. 

Step 1. A program written in C searches a certain range of the parameters in 
the expressions for the operators discussed above (e.g., A, B, C, c, d, -, and — 
for _Df c "). The C program only checks for an integral solution to the recursion 
relation. If an integral power series solution exists, the corresponding values of 
the parameters are written to a Maple array. 

Step 2. A Maple program reads the candidate parameter combinations and com- 
putes the instanton numbers. These need not be integral, because we can still 
multiply with the degree. Therefore, we compute the lowest common multiple 
of denominators of the first 15 and the first 20 instanton numbers. If they are 
equal, we consider this to be acceptable. In practice we observe that in these 
cases the lowest common multiple is also very small (below 100). We also check 
if the differential operator factors as a differential operator (using the DEtools 
package). If does, we remove the operator from our list. 

For second and third order equations we cannot directly define the instanton 
numbers. Instead, we check if using them as factors in a Hadamard product 
yields a fourth order equation of Calabi-Yau type. 

The first step is the most time consuming one. So we use a few tricks to 
save some time. First note that replacing z by Xz multiplies the coefficients A n 
of the power series solution by A". In terms of the parameters this amounts to 
multiplying c and d by A and A 2 respectively. Therefore we can put c = 1 and 
compute the first N coefficients of the power series. In general the coefficients 
will be rational. We will require the denominators to be a product of powers 
of a limited number of small primes. We can then compute the scaling factor 
to make the first N coefficients integral. Using the rescaled parameters c and 
d we can compute the first M (M > N) coefficients and check that they are 
integral. We always used TV = 50 and M = 1000, but it never happened that 
with the rescaled parameters we found non integral coefficients. Note that we 
do not prove that all the coefficients of the power series solution are integral, 
but as we check the first 1000 coefficients, we are pretty confident that they are. 

In this way we did extensive searches using up to a dozen computers. The 
results are summarized in Table |5] on the following page. The last column 
contains the number of solutions found by the C program. For the fourth 
order equations we also indicate between parentheses the number of solutions 
that survive the second step of the searching process and are contained in our 
database. For the spectra searched we refer to Tabled on the page before. The 
star indicates that we restrict to the subset of the spectra from Tabled labelled 
by a star. 

The difference between the programs search4 and search4q is that the 
former is completely general, whereas the latter assumes that apart from z — 
and z = oo there is just one rational critical point. This yields big restrictions 
on the parameters and allows us to compute d. Therefore this program is much 
faster and we were able to search a much larger parameter range. Of course it 
also means that we cannot find any equations which do not satisfy this extra 
condition. 

We do not claim that our search has been exhaustive. First of all the param- 
eter ranges are rather arbitrary. It is to be expected that enlarging these ranges 
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Program 


Operator 


Parameter range 


Spectra 


# 


search2 


7-) had 
^2,2 


1 < A,B < 500, d = 2 p 3 9 5 r 7 s 
with < p < 20, < q < 6, 
< r < 5, < s < 2 




126 


search3 


rjhad 
^3,2 


1 < A,B < 500, d = 2P3«5 r 7 s 
with < p < 20, < q < 6, 
0<r<5, 0<s<2 




139 


search4 




1 < A, B, C < 200, d = 2P3«5T S 
with < p < 15, < q < 5, 
0<r<4, 0<s<2 


s = 2* 


66 
(15) 


search4f 


nfact 
^4,2 


1 < A,B < 100, d = 2P3 q 5 r 7 s 
with < p < 15, < q < 6, 
0<r<5, 0<s<l 


s = 2 


364 
(58) 


search4q 


^4,2 


1 < A,B,C < 1000, d is com- 
puted 


s = 2 


1321 
(30) 



Table 2: Computer searches 



we will find more equations. Furthermore, the expressions (@J and |[5| that we 
use are not completely general. Both the assumption that the coefficient of 9 A 
is 1 and the restriction to s — 2 are arbitrary. As mentioned above, we already 
have one example with s — § . There are also 32 equations where the coefficient 
of 9 A is bigger than 1. However, in all these cases k is at least 4. All in all, this 
is still very much work in progress. We are still adding equations to our list 
every now and then and we keep enhancing the information on the equations in 
our database. 



2.2 How to sum for k = —n to k = — 1 

As already mentioned, the work explains manipulating binomial expressions 
to deduce new examples of Calabi-Yau equations. This is certainly a "hy- 
pergeometric" machinery, but, surprisingly, it works for certain unusual series 
yo = X)^Lo A n z n as well, namely, when coefficients A n involve not only bino- 
mials but also harmonic sums and consist of several summations. 

In some formulas for A n (particular cases are #211 and #264) it is necessary 
to sum also for k = — n to k ~ — lto get the correct coefficients of the solution 
yQ to the differential equation. This requires expressing binomial coefficients 
near k — —k, where A: is a positive integer: 



n\ / n \ n 



k) \-k-e) r(l-fc-e)r(l + n + fc + e) 
= (-l fk-i( n + k ) 's + Oie^ 



ii 



2k\ (-2k-2e\ r(l-2fc-2e) T -i(2k 



k J V -k-e J r(l-fc-e) 2 \k 



-i 



k~ l [ T ) e + 0(e 2 
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f n + k\ (n—k — e\ r(l + n — — e) t k - 



n 



nW(l-k-e) v ' \k 



= (-i)*s- 1 r; e +o( £ 2 ), 



and so on. 

The differential equation for case #211 was found in two ways: first, as the 
reflection of case #210 at infinity and, secondly, by taking Maple's Zeilberger 
on the following binomial sum: 

2n\ 4 \ , _ „ n+k fn\ 2 f2k\ [An — 2k\ fn + k\ 2 (2n 



k J \ k J \ 2n — k J \ n J \ k 



Usual summing for k = to k — n does not give the correct coefficient of yo. 
To remove the latter quotation one should sum for k — —n to n. So we have to 
consider also negative k. The 'difficult' (i.e., negative) part of the summand is 

k) \k)\ n ) \k 
which near k = —k becomes (after simple reduction) 

thus giving us the formula indicated below in Table A. 
In case #264 we use Zeilberger on 

2 V\ f2k\ (2n - 2fc\ (2n + 2/0 2 



fe 

4n-2fc\ 2 /2nVV 2n 



n — k I \ n + k 



2n — k J \ k J \n — fc y 
and proceed, as before, for negative k to obtain for the 'difficult' part 

n\ ( 2k\ ( 2n\ 1 
k 

near k = —k the following result: 

k ) V 2n 



T _iin + k\ (2k\ {2n + k\ 



??■ 

Therefore, for negative fc, we get the sum (this formula was found by C. Krat- 
tenthaler 0) 

d"A„" _ l6 _„ /2n\ 2 n + 2fc /2n + fc\ (2n + 2fc 
de ~ V n /^ fe \ 2n / \ n + i 

2n - 2k\ 2 /4n + 2fc\ 2 fn + k\ _1 /2/c 



n — k J \ In + k J \ n J \k 

where we replace k = — k by k. Finally, adding the derivative of " A n " for 
positive k, we deduce our formula in Table A for case #264. 
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3 Electronic database of Calabi— Yau equations 

All equations we found are also available in electronic form. The web interface 
to our database is at: 

: / / enriques .mathematik.uni-mainz . de/enckevort/db 

The database includes some extra information that is not contained in the tables 
in this paper. Furthermore we hope to be able to keep it up to date so that it 
can serve as a list of all known Calabi- Yau equations. Therefore we encourage 
anybody who finds new equations of Calabi- Yau type to send them to us so 
that we can include them into our database. Comments and suggestions are 
also welcome. The database and the web interface are still a work in progress. 

Information about the use of the database can be found at the web address 
mentioned above. A small warning for people comparing the table in this article 
and the database: for equations past #180 the numbering of the equations in 
the database is different from the one used in this article. However, by searching 
for almkvist [n] in the source field, where n is the number used in this article 
one can easily find the equation in the database. 

Part of the extra information that we do not provide in this article, but is 
contained in the database, is related to numerical computations of the mon- 
odromies around the singular points of the differential equations. In many 
cases we succeeded in guessing the exact monodromies using the approximate 
monodromies obtained numerically. In turn the exact monodromies allowed 
us to compute some geometric invariants of potential underlying Calabi- Yau 
manifolds. These, in combination with further information obtained from the 
monodromies, enabled us to compute elliptic invariants in many cases. This 
work is discussed in detail in [5]- 

Remark. We feel that our table in Appendix lAl is not perfectly organized, and 
we plan to systemize it in the nearest future. On the other hand, the papers 
1 , :S , as well as the electronic database have crucial references to the absolute 
numbering in Appendix ^ Therefore, we have decided to keep the present 
numeration at least in the first arXiv-version of this work. 
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A Table of Calabi— Yau equations 



The first column is reserved for numeration of cases. The second column of the 
following table contains a 4th-order linear differential operator D (by means of 
9 — z4^). The third column indicates coefficients {^4.n}n=0,i,2,... of the ana- 
lytic solution yo(z) — S^Lo^ nZ " to tne MUM differential equation Dy = 
normalized by the condition yo(0) = Aq — 1. 

See [HI, □ for cases #1, #2; [TUl for cases #3-6; [7] cases #7, #8; for 
cases #10-14; [3] for cases #15-23, and g| for cases #24-28. 
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# 


differential operator D and coefficients A n , n = 0, 1, 2, . . . 
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- 72z 2 (30 + 1)(30 + 2)(30 + 4) (30 + 5) 
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— o4z (fildv + ZLbuu + 46\)\)u + 6 l\)0u + 11 (V) 

+ 3 5 z 4 (2790 4 + 13686 3 + 22706* 2 + 15866* + 402) - 3 1O 2 5 (0 + l) 4 




An ~ -Jn [mil) 
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D = 6* 4 - 4z(20 + 1) 2 (36* 2 + 36* + 1) - 4z 2 (46* + 2) (40 + 3) (40 + 5) (40 + 6) 




CD 4 




L> = 23 2 6» 4 - 23z(9210 4 + 2O460 3 + 16446* 2 + 6210 + 92) 


19 


- z 2 (38O8510 4 + 13285840 3 + 17726736* 2 + 10335280 + 221168) 


- 2z 3 (4758610 4 + 131O1720 3 + 1O287910 2 + 2089320 - 27232) 

- 2 2 ■ 17z 4 (88730 4 + 14O2O0 3 + 51390 2 - 16640 - 976) 
+ 2 3 • 3 • 17z 5 (0 + 1) 2 (30 + 2) (30 + 4) 








D = 8 A - 3z(480 4 + 6O0 3 + 530 2 + 230 + 4) 


20 


+ 9z 2 (8730 4 + 198O0 3 + 23190 2 + 13440 + 304) 


- 2 • 3 4 z 3 (12690 4 + 38880 3 + 52590 2 + 33480 + 800) 
+ 2 2 ■ 3 6 z 4 (8910 4 + 324O0 3 + 46530 2 + 29520 + 688) 

- 2 3 • 3 n z 5 (0 + 1) 2 (30 + 2)(30 + 4) 




" ~ t^o [ k ) kP ( n ~ fc )' 3 
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# 


differential operator D and coefficients A„, n = 0, 1, 2, . . . 




D = 256 4 - 20z(366> 4 + 846» 3 + 726> 2 + 306* + 5) 




- 2 4 z 2 (1816» 4 + 2686» 3 + 716> 2 - 706> - 35) 

+ 2 s z 3 (6 + 1)(376» 3 + 248<9 2 + 3756* + 165) 

+ 2 1( V(39<9 4 + 198(9 3 + 331(9 2 + 2326* + 59) + 2 15 z 5 (8 + l) 4 




-A /n\ 3 /2k\ (2n - 2k\ 

*-S(0 (*)(»-*) 




£> = 496> 4 - 7z(1556> 4 + 2866> 3 + 234(9 2 + 916* + 14) 


22 


- z 2 (161056> 4 + 680446> 3 + 1022616* 2 + 660946* + 15736) 
+ 2 3 z 3 (26256 |4 + 85890 3 + 90716> 2 + 37596> + 476) 

- 2 4 z 4 (4656» 4 + 12666» 3 + 14396» 2 + 8066* + 184) + 2 9 z 5 (8 + l) 4 








D = 99 4 - 12z(646> 4 + 806< 3 + 73(9 2 + 336» + 6) 


23 


+ 2 7 z 2 (1946> 4 + U08 3 + 5276 2 + 3156 + 75) 
- 2 12 z 3 (946> 4 + 2886> 3 + 3976» 2 + 2616* + 66) 
+ 2 17 z 4 (226» 4 + 806> 3 + 1176» 2 + 776* + 19) - 2 23 z 5 (6> + l) 4 




A n =±( n )( 2k Y( 2n - 2k Y 

h wU; v n-k ) 




D = 6> 4 - 3z(36 + 2)(38 + 1)(116' 2 + 110 + 3) 
- 9z 2 (36> + 5) (36 + 2)(36 + 4) (35 + 1) 




fe=0 v 7 v 7 


D = 8 4 - Az(26 + 1) 2 (116> 2 + 116» + 3) - 16z 2 (26» + 3) 2 (1 + 26>) 2 




a - f 2n Vv ( n \ 2 ( n+k \ 


26 


D = 9 4 - 2z(26 + 1) 2 (13<9 2 + 136 + 4) 
— 12z (26 + 3)(26 + 1)(36 + 2)(36 + 4) 




^( 2 ;)5:(:) 2 C:X) 




-W)W. + 
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# 


differential operator D and coefficients A n , n = 0, 1, 2, . . . 








= 96> 4 - 3z(1736> 4 + 3406> 3 + 2726> 2 + 1026* + 15) 






+ 


2z 2 (11296> 4 + 5O320 3 + 75976> 2 + 47736> + 1083) 
2z 3 (8436> 4 + 26286< 3 + 23536» 2 + 6756> + 6) 
2 4 (295<9 4 + 6086* 3 + 478(9 2 + 1740 + 26) + z 5 (6 + l) 4 






28 






D = 6 4 - z{659 4 + 1306* 3 + 1056* 2 + 400 + 6) 
+ 4z 2 (46> + 3)(40 + 5)(0 + l) 2 






= E 


(:)(;)(:)(T)er)(:) 2 ^(:) 2 (;) 2 er) a 


29 






D = 6> 4 - 2z(20 + 1) 2 (176> 2 + 170 + 5) 
+ 4z 2 (20 + 3)(20 + l)(0 + l) 2 




M 2 :)£0 2 cr) 2 



Remark. The original formulas for A n in cases #24, 25, 27-29 were simplified 
with the help of the binomial identity 



?G)C) -(■:*)■ 
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The origin of the following new cases is explained in the introductory part 
and m03- I n particular, cases #30 and #31 are obtained in P, Section 6; case 
#32 (the pullback of the differential equation related to £(4)) is the subject of 
PQ, Section 4; case #130 was communicated to us by H. Verrill g2] and case 
#186 by Tjgtta \F$. 



# 


differential operator D and coefficients A n , n = 0, 1, 2, . . . 


2* 


D = 4 - 2 4 • 5z(26 + 1) 2 (5O0 2 + 506* + 33) 
+ 2 10 • 5 4 z 2 (20 + 1)(20 + 3)(56> + 4)(50 + 6) 








the instanton numbers lie in Z[vo] 


3* 


D = 


= 4 - 2 4 z(20 + 1) 2 (20 2 + 20 + 1) + 2 lo z 2 (0 + 1) 2 (20 + 1)(20 - 


-3) 






^C:)?(i /2 ) 2 (^)^( 2 ;)£( 2 :) 2 ( 2 :: 


2fc\ 2 
k ) 


|4l 


D = 


4 - 6z(20 + 1) 2 (90 2 + 90 + 5) + 2 2 • 3 6 z 2 (0 + 1) 2 (20 + 1)(20 


+ 3) 








D = 6 i - 6z(20 + 1) 2 (90 2 + 90 + 4) 
+ 2 2 ■ 3 4 z 2 (20 + 1)(20 + 3)(30 + 2) (30 + 4) 






— C;) ? (-f)(-f)(„-y:)(„-:1) 








/2n\ y\ (3fc)! (3n-3fc)! 
~ \ n J ^ fc! 3 (n-/c)! 3 




|6JJ 


L> = 4 - 2 5 z(20 + 1) 2 (20 2 + 20 + 1) 
+ 2 8 z 2 (20 + 1)(20 + 3) (40 + 3) (40 + 5) 




A « = 32 "( 2 r)^( fc /2 )( fc /4 )(n-0(n-fc) 


7* 


D = 4 - 2 4 z(20 + 1) 2 (320 2 + 326* + 19) 
+ 2 14 z 2 (20 + 1)(20 + 3) (40 + 3) (40 + 5) 










= 4 - 2 4 z(20 + 1) 2 (320 2 + 320 + 13) + 2 16 z 2 (20 + 1) 2 (20 + 3) 2 
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# 


differential operator D and coefficients A n , n = 0, 1, 2, . . . 


|S!J 


D = 6 4 - \2z{29 + 1) 2 (186> 2 + 180 + 11) 
+ 2 4 • 3 4 z 2 {26 + l){26 + 3)(60 + 5)(60 + 7) 




^ (^(rxrx;^) 


° 




= 6» 4 - 12z(20 + 1) 2 (180 2 + 186» + 7) + 2 4 • 3 6 z 2 (26» + 1) 2 (26> + 3) 2 






|9*| 


D = 9 4 - 48z(26» + 1) 2 (726> 2 + 726* + 41) 
+ 2 14 • 3 4 z 2 (26» + 1)(20 + 3)(36» + 2)(3(9 + 4) 






9** 




= 6 4 - 48z(26> + 1) 2 (726> 2 + 726* + 31) + 2 12 ■ 3 6 z 2 (26> + 1) 2 (26> + 


3) 2 






10* 




= 9 4 - 2 4 z{26 + 1) 2 (8(9 2 + 86* + 5) + 2 14 z 2 (6> + l) 2 (20 + 1)(20 + 


3) 






10** 


D = 6 4 - 2 4 z(26 + 1) 2 (86> 2 + 86» + 3) + 2 12 z 2 (26> + 1) 2 (26> + 3) 2 














/2n\^ (4A;)! (4n - 4fc)! 
~\n)f^ k\ 2 {2k)\ (n - fc)! 2 (2n - 2k)\ 
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# 


differential operator D and coefficients A n , n = 0, 1, 2, . . . 


13* 


D = 8 4 — 48z(20 + 1) 2 (180 2 + 186» + 13) 
+ 2 10 • 3 6 z 2 (0 + 1) 2 (20 + 1)(20 + 3) 




A, l = 432«piyr- i / 6 Vf- 5/6 V 


13** 


D = 9 4 — 48z(20 + 1) 2 (180 2 + 186* + 5) 
+ 2 10 • 3 4 z 2 (20 + 1)(20 + 3)(30 + 1)(30 + 5) 








/2n\ A (6fc)! (6n-6Jfe)! 

fc!(2fc)!(3fc)! (n - fc)!(2n - fc)!(3ra - 3fc)! 


14* 


L> = 4 - 2 4 ■ 3 2 z(26» + 1) 2 (20 2 + 20 + 1) 
+ 2 10 • 3 2 z 2 (20 + 1)(20 + 3) (30 + 2) (30 + 4) 




^<)e(T)(T)(:^-1) 

h 




the instanton numbers lie in Z[vo] 


ED 


D = 6 4 - 5z(lOOOO0 4 + 125OO0 3 + 95OO0 2 + 32500 + 399) 
+ 5 8 z 2 (24OO0 4 + 6OOO0 3 + 629O0 2 + 28000 + 399) 
- 4 • 5 14 z 3 (40 + 3)(8O0 3 + 24O0 2 + 2210 + 42) 
+ 5 2O z 4 (40 + 1)(40 + 3) (40 + 7) (40 + 9) 




the pullback of the 5th-order differential equation D'y = 0, where 




D' = 5 - lOz(20 + 1)(31250 4 + 625O0 3 + 78750 2 + 47500 + 1226) 
+ 2 4 5 6 z 2 (0 + 1)(625O0 4 + 25OOO0 3 + 455O0 2 + 410000 + 14851) 

- 2 6 5 14 z 3 (0 + 1)(0 + 2)(20 + 3)(250 2 + 750 + 82) 
+ 2 8 5 19 z 4 (0 + 1)(0 + 2)(0 + 3)(250 2 + 1000 + 113) 

- 2 9 5 25 z 5 (0 + 1)(0 + 2)(0 + 3)(0 + 4)(20 + 5) 




l'-(l 5 5 )"V( 1) fcM(V2)fe(l/5) fc (2/5) fc (3/5) fc (4/5) fc 
k v 1 / 
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# 


differential operator D and coefficients A n , n = 0, 1, 2, . . . 


1 


D = 4 - 2 4 5z(16OOOO0 4 + 2OOOOO0 3 + 154OOO0 2 + 54 006* + 7 1 89) 
+ 2 14 5 8 z 2 (96OO0 4 + 24OOO0 3 + 2532O0 2 + 14006* + 1669) 
- 2 24 5 14 z 3 (40 + 3)(3206> 3 + 96O0 2 + 8886* + 171) 
+ 2 32 5 2O z 4 (40 + 1)(4(9 + 3) (40 + 7) (40 + 9) 




the pullback of the 5th-order differential equation D'y = 0, where 




D' = 5 

- 2 5 5z(20 + 1)(5OOOO0 4 + 1OOOOO0 3 + 127OOO0 2 + 770000 + 19811) 

+ 2 16 5 6 z 2 (0 + 1)(1OOOOO0 4 + 4OOOOO0 3 + 731OOO0 2 + 6620000 + 240811) 

- 2 28 5 14 z 3 (0 + 1)(0 + 2)(20 + 3)(1OO0 2 + 3000 + 331) 
+ 2 3 W(0 + 1)(0 + 2)(0 + 3)(5O0 2 + 2000 + 227) 

- 2 49 5 25 z 5 (0 + 1)(0 + 2)(0 + 3)(0 + 4)(20 + 5) 




v , f n \ (l/2)fc(l/10)t-(3/10)t.(7/10)t.(9/10)i. 
A = 3200000" V l) k P 1 > kK 1 ,ky 1 ,. m ' >kK 1 >k 

k v 7 


@ 


D = 4 - 2 4 z(40 + 1)(640 3 + 640 2 + 440 + 9) 
+ 2 14 z 2 (40 + 1)(960 3 + 2160 2 + 1960 + 61) 
- 2 24 z 3 (40 + 1)(40 + 3)(160 2 + 440 + 33) 
+ 2 3 V(40 + 1)(40 + 3) (40 + 7) (40 + 9) 




the pullback of the 5th-order differential equation D'y = 0, where 




D' = 5 - 2 5 z(20 + 1)(8O0 4 + 16O0 3 + 2OO0 2 + 1200 + 31) 
+ 5 • 2 16 z 2 (0 + 1)(320 4 + 1280 3 + 2320 2 + 2080 + 75) 

- 5 ■ 2 28 z 3 (0 + 1)(0 + 2)(20 + 3)(40 2 + 120 + 13) 
+ 5 • 2 3 V(0 + 1)(0 + 2)(0 + 3)(20 2 + 80 + 9) 

- 2 49 z 5 (0 + 1)(0 + 2)(0 + 3)(0 + 4)(20 + 5) 




^ = 1024"^(-l) fc yi^ 


1 


D = 4 - 3 2 z(12960 4 + 162O0 3 + 12240 2 + 4140 + 49) 
+ 3 8 z 2 (77760 4 + 1944O0 3 + 2O3220 2 + 90000 + 1267) 
- 4 • 3 16 z 3 (40 + 3)(1440 3 + 4320 2 + 3970 + 75) 
+ 3 24 z 4 (40 + 1)(40 + 3)(40 + 7)(40 + 9) 




the pullback of the 5th-order differential equation D'y = 0, where 




D' = 5 - 2 ■ 3 2 z(20 + 1)(4O50 4 + 81O0 3 + 1O170 2 + 6120 + 158) 
+ 2 4 3 8 z 2 (0 + 1)(81O0 4 + 324O0 3 + 58860 2 + 52920 + 1913) 

- 2 6 3 17 z 3 (0 + 1)(0 + 2)(20 + 3)(150 2 + 450 + 49) 
+ 2 8 3 2 V(0 + 1)(0 + 2)(0 + 3)(450 2 + 1800 + 203) 

- 2 9 3 3O z 5 (0 + 1)(0 + 2)(0 + 3)(0 + 4)(20 + 5) 




<^4- 3 ')»E(-') t (l) (1/2W1 t / ? (2/3)2 ' 
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# 


differential operator £> and coefficients A ra , n = 0, 1, 2, . . . 




D = 4 - 2 2 3z(5760 4 + 72O0 3 + 5420 2 + 1826* + 21) 
+ 2 4 3 2 z 2 (1244160 4 + 311O4O0 3 + 3245760 2 + 1432806* + 20017) 
- 2 n 3 7 z 3 (40 + 3)(11526> 3 + 34560 2 + 31726> + 597) 
+ 2 16 3 4 V(40 + 1)(40 + 3) (40 + 7) (46> + 9) 




the pullback of the 5th-order differential equation D'y = 0, where 




D' = 5 - 2 3 3z(20 + 1)(18O0 4 + 3606* 3 + 451(9 2 + 2710 + 70) 
+ 2 lo 3 4 z 2 (0 + 1)(36O0 4 + 144O0 3 + 26130 2 + 23466* + 847) 

- 2 15 3 8 z 3 (0 + 1)(0 + 2) (20 + 3)(12O0 2 + 3600 + 391) 
+ 2 22 3 lo z 4 (0 + 1)(0 + 2)(0 + 3)(18O0 2 + 7200 + 811) 

- 2 29 3 15 z 5 (0 + 1)(0 + 2)(0 + 3)(0 + 4)(20 + 5) 




x-^ , fn\ fl/2)?(l/3W2/3)t. 
A' n = 1728"^( 1) (?) {1/ZJk{1/ * )k{Z/OJk 




D = 4 - 2 4 z(lO240 4 + 128O0 3 + 9680 2 + 3280 + 39) 
+ 2 12 z 2 (245760 4 + 6144O0 3 + 642560 2 + 284800 + 4017) 
- 2 27 z 3 (40 + 3)(5120 3 + 15360 2 + 14120 + 267) 
+ 2 4o z 4 (40 + 1)(40 + 3)(40 + 7) (40 + 9) 




the pullback of the 5th-order differential equation D'y = 0, where 




D' = 5 - 2 5 z(20 + 1)(32O0 4 + 64O0 3 + 8O40 2 + 4840 + 125) 
+ 2 18 z 2 (0 + 1)(64O0 4 + 256O0 3 + 46520 2 + 41840 + 1513) 

- 2 31 z 3 (0 + 1)(0 + 2) (20 + 3)(16O0 2 + 4800 + 523) 
+ 2 44 z 4 (0 + 1)(0 + 2)(0 + 3)(8O0 2 + 3200 + 361) 

- 2 54 z 5 (0 + 1)(0 + 2)(0 + 3)(0 + 4)(20 + 5) 




< = 2l2 „ E( _ 1)fc /nyi/2)l ( l/4 )fe (3/4 )fe 


Q 


D = 4 - 2 4 z(491520 4 + 8192O0 3 + 6272O0 2 + 217600 + 2793) 
+ 2 26 z 2 (40 + 3)(7680 3 + 19840 2 + 15720 + 291) 
- 2 46 z 3 (40 + 1)(40 + 3) (40 + 7) (40 + 9) 




the pullback of the 5th-order differential equation D'y = 0, where 




D' = 5 - 2 5 z(26 + 1)(2O48O0 4 + 4O96O0 3 + 5184O0 2 + 313600 + 8087) 
+ 2 24 z 2 (0 + 1)(4O96O0 4 + 16384O0 3 + 29888O0 2 + 2700800 + 98071) 

- 2 48 z 3 (0 + 1)(0 + 2) (20 + 3)(640 2 + 1920 + 211) 
+ 2 6 V(0 + 1)(0 + 2)(0 + 3)(320 2 + 1280 + 145) 

- 2 8 V(0 + 1)(0 + 2)(0 + 3)(0 + 4)(20 + 5) 




4/ _oi8«y- ( 1)fe /n\(l/2) fc (l/8) fc (3/8) fc (5/8) fc (7/8) fe 



18 



# 


differential operator L> and coefficients A n , n = 0, 1, 2, . . . 


1 


D = 6 4 - 2 2 3 2 z(38880 4 + 648O0 3 + 495O0 2 + 17106* + 217) 
+ 2 4 3 lo z 2 (40 + 3)(17280 3 + 44640 2 + 35320 + 651) 
- 2 lo 3 18 z 3 (40 + 1)(40 + 3) (40 + 7) (40 + 9) 




the pullback of the 5th-order differential equation D'y = 0, where 




D' = 5 - 2 3 3 2 z(162O0 4 + 324O0 3 + 4O950 2 + 24750 + 638) 
+ 2 lo 3 8 z 2 (0 + 1)(324O0 4 + 1296O0 3 + 236250 2 + 213500 + 7739) 

- 5 • 2 15 3 17 2 3 (0 + 1)(0 + 2)(20 + 3)(240 2 + 720 + 79) 
+ 5 • 2 22 3 22 2 4 (0 + 1)(0 + 2)(0 + 3)(360 2 + 1440 + 163) 

- 2 29 3 3O z 5 (0 + 1)(0 + 2)(0 + 3)(0 + 4)(20 + 5) 




K = (4- 11664)" V( lf( n \ (l/2) fc (l/3) fc (2/3) fe (l/6) fc (5/6 )fe 


1 


D = 4 - 2 4 3 2 z(2488320 4 + 414720 3 + 3185280 3 + 111160 + 14497) 
+ 2 22 3 lo z 2 (40 + 3)(4320 3 + 11160 2 + 8860 + 165) 
- 2 34 3 18 z 3 (40 + 1)(40 + 3)(40 + 7)(40 + 9) 




the pullback of the 5th-order differential equation D'y — 0, where 




D' = 5 - 2 5 3 2 z(20 + 1)(1O368O0 4 + 2O736O0 3 + 2629440 2 
+ 1592640 + 41087) 
+ 2 2O 3 17 z 2 (0 + 1)(2O736O0 4 + 82944O0 3 + 15145920 2 
+ 13703040 + 498143) 

- 2 38 3 17 z 3 (0 + 1)(0 + 2) (20 + 3)(24O0 2 + 7200 + 793) 
+ 2 53 3 2 V(0 + 1)(0 + 2)(0 + 3)(36O0 2 + 14400 + 1633) 

- 2 69 3 3O z 5 (0 + 1)(0 + 2)(0 + 3)(0 + 4)(20 + 5) 




V -<M56 2 "V( 1) fc^V 1 /2) fc (l/12) fc (5/12) fe (7/12) fc (ll/12)fc 

k v y 


10 


D = 4 - 2 4 z(3O720 4 + 512O0 3 + 39O40 2 + 13440 + 169) 
+ 2 23 z 2 (40 + 3)(240 3 + 620 2 + 490 + 9) 
- 2 3 V(40 + 1)(40 + 3)(40 + 7) (40 + 9) 




the pullback of the 5th-order differential equation D'y = 0, where 




D' = 5 - 2 5 z(20 + 1)(128O0 4 + 256O0 3 + 32320 2 + 19520 + 503) 
+ 2 2O z 2 (0 + 1)(256O0 4 + 1O24O0 3 + 186560 2 + 168320 + 6103) 

- 2 38 z 3 (0 + 1)(0 + 2)(20 + 3)(8O0 2 + 2400 + 263) 
+ 2 5; V(0 + 1)(0 + 2)(0 + 3)(4O0 2 + 1600 + 181) 

- 2 6 V(0 + 1)(0 + 2)(0 + 3)(0 + 4)(20 + 5) 




y -oi4nV- ( 1)fc M(l/2) fe (l/4) 2 (3/4) 2 
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# 


differential operator D and coefficients A n , n = 0, 1, 2, . . . 


11 


D = 9 4 - 2 2 3z(23O40 4 + 288O0 3 + 21866> 2 + 7460 + 91) 
+ 2 4 3 3 z 2 (199O6560 4 + 497664O0 3 + 52139520 2 + 23184006* + 329497) 
- 2 15 3 7 z 3 (40 + 3)(46O80 3 + 138240 2 + 127246* + 2415) 
+ 2 24 3 12 z 4 (40 + 1)(40 + 3) (40 + 7) (40 + 9) 




the pullback of the 5th-order differential equation D'y = 0, where 




D' = 5 - 2 3 3z(20 + 1)(72O0 4 + 14406* 3 + 18130 2 + 10930 + 282) 
+ 2 12 3 5 z 2 (0 + 1)(48O0 4 + 192O0 3 + 34930 2 + 31460 + 1139) 

- 2 19 3 8 z 3 (0 + 1)(0 + 2) (20 + 3)(48O0 2 + 14400 + 1573) 
+ 2 28 3 lo z 4 (0 + 1)(0 + 2)(0 + 3)(72O0 2 + 28800 + 3253) 

- 2 39 3 15 z 5 (0 + 1)(0 + 2)(0 + 3)(0 + 4(20 + 5) 




f n \ (l/2),.(l/3)t.(2/3)i.(l/4)i.(3/4)fc 
\fcy fc! 5 


12 


D = e i - 2 4 3z(92160 4 + 1152O0 3 + 884O0 2 3O8O0 + 403) 
+ 2 12 3 2 z 2 (199O6560 4 + 497664O0 3 + 52416OO0 2 + 23529600 + 3420049) 
- 2 27 3 7 z 3 (40 + 3)(46O80 3 + 138240 2 + 127720 + 2451) 
+ 2 4O 3 12 z 4 (40 + 1)(40 + 3)(40 + 7)(40 + 9) 




the pullback of the 5th-order differential equation D'y — 0, where 




D' = 5 - 2 5 z(20 + 1)(288O0 4 + 576O0 3 + 73OO0 2 + 44200 + 1137) 
+ 2 18 3 5 z 2 (0 + 1)(192O0 4 + 768O0 3 + 14O2O0 2 + 126800 + 4607) 

- 5 • 2 31 3 8 z 3 (0 + 1)(0 + 2)(20 + 3)(960 2 + 2880 + 317) 
+ 5 • 2 44 3 lo z 4 (0 + 1)(0 + 2)(0 + 3)(1440 2 + 5760 + 653) 

- 2 59 3 15 z 5 (0 + 1)(0 + 2)(0 + 3)(0 + 4)(20 + 5) 




, ^ ,/n\ (1/2)1.(1/4)1.(3 /4)t(l/6)fc(5/6)fr 
t-* 1 \kj k\ 5 

k V 7 


13 


D = 4 - 2 4 3 2 z(2O7360 4 + 2592O0 3 + 2OO160 2 + 70560 + 961) 
+ 2 14 3 8 z 2 (311O40 4 + 7776O0 3 + 821520 2 + 370800 + 5461) 
- 2 24 3 16 z 3 (40 + 3)(5760 3 + 17280 2 + 16000 + 309) 
+ 2 32 3 24 z 4 (40 + 1)(40 + 3) (40 + 7)(40 + 9) 




the pullback of the 5th-order differential equation D'y — 0, where 




D' = 5 - 2 5 3 2 z(20 + 1)(648O0 4 + 1296O0 3 + 164880 2 + 100080 + 2567) 
+ 2 16 3 8 z 2 (0 + 1)(1296O0 4 + 5184O0 3 + 948240 2 + 859680 + 31295) 

- 2 28 3 17 z 3 (0 + 1)(0 + 2)(20 + 3)(6O0 2 + 1800 + 199) 
+ 2 39 3 22 z 4 (0 + 1)(0 + 2)(0 + 3)(9O0 2 + 3600 + 409) 

- 2 49 3 3O z 5 (0 + 1)(0 + 2)(0 + 3)(0 + 4)(20 + 5) 




A;i = (2l 03a rE( _ 1)fc ^yi/2) fc (l/6)^5/6) 2 
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# 


differential operator D and coefficients A ra , n = 0, 1, 2, . . . 


u 


D = 6 4 - 2 4 3z(23O40 4 + 288O0 3 + 21920 2 + 7526* + 93) 
+ 2 14 3 4 z 2 (311O40 4 + 7776O0 3 + 815766> 2 + 363600 + 5197) 
- 2 24 3 7 z 3 (40 + 3)(5760 3 + 17280 2 + 15926* + 303) 
+ 2 32 3 12 z 4 (40 + 1)(40 + 3) (46 + 7) (49 + 9) 




the pullback of the 5th-order differential equation D'y = 0, where 




D' = 5 - 2 5 3z(20 + 1)(72O0 4 + 144O0 3 + 18160 2 + 10960 + 283) 
+ 2 16 3 4 z 2 (0 + 1)(144O0 4 + 576O0 3 + 1O4880 2 + 94560 + 3427) 

- 2 28 3 8 2 3 (0 + 1)(0 + 2) (20 + 3)(6O0 2 + 1800 + 197) 
+ 2 39 3 lo z 4 (0 + 1)(0 + 2)(0 + 3)(9O0 2 + 3600 + 407) 

- 2 49 3 15 z 5 (0 + 1)(0 + 2)(0 + 3)(0 + 4)(20 + 5) 




A , =(2l 033 )n y ( _ 1)fe M ( l/2) 3 (l/6) fc (5/6) fe 

k v 7 


mi 


D = 4 - 2 4 z(40 + 1)(40 + 3)(80 2 + 80 + 3) 
+ 2 12 z 2 (40 + 1)(40 + 3) (40 + 5) (40 + 7) 






[Ml 


D = 4 - 2 4 z(40 + 1)(320 3 + 4O0 2 + 280 + 7) 
+ 2 12 z 2 (40 + 1)(40 + 3) 2 (40 + 5) 




A n = (see fj], (6.8)) 
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# 


differential operator D and coefficients A n , n = 0, 1, 2, . . . 




D = 9 i - 3z(3606* 4 + 906* 3 + 276* 2 - 186* - 11) 




+ 3z 2 (1457646* 4 + 728826> 3 + 248996» 2 + 60946* + 13224) 




- 3 4 z 3 (970920<9 4 + 7281906* 3 + 2790696* 2 + 130 7 666* - 160 05) 


32 


+ 3 2 z 4 (5878660866 )4 + 5878660866* 3 + 2496718356* 2 


+ 513951666* + 4547776) 
+ 3 5 z 5 (87382806* 4 + 109228506* 3 + 56671 116* 2 + 6068526* - 464210) 

_i_ q5 r 6/i 01 i 87C/)4 , i QRVai Affi _i_ 1 1 71 KK7f) 2 4_ 99.Af.KOfl _|_ 1 'iAOP.^ 

1 O /J 1 lOllu ( UP T i Ol^P ] L L t LOO t U 4^ Zo4:UtJZ(7 4^ 1 

_i_ Q 8 ^ 7 ^9zinfl 4 4- ^fiTflfl 3 4- ^^fl 2 4- 1 9fiOfl 4- 1 1 fil 

O Z ^OZ^tUC 4^ OU 1 U(7 4^ O ( OOC 4^ IZUUi/ T 

+ 3 8 z 8 (36* + l) 2 (36» + 2) 2 




the pullback of the 5th-order differential equation D'y = 0, where 




D' = 6* 5 - 3z(26> + 1)(36* 2 + 36* + 1)(156* 2 + 156* + 4) 




-3z 2 (6* + l) 3 (36* + 2)(36* + 4) 




<^(:) 2 (;) s ("r)cr)e:') 




D = 9 A - 2 2 z(3246» 4 + 4566* 3 + 3216* 2 + 936* + 10) 


+ 2V(5846» 4 + 5846* 3 + 46* 2 - 716* - 13) 

- 2 16 z 3 (3246» 4 + 1926* 3 + 1236* 2 + 486* + 7) + 2 24 z 4 (26> + l) 4 






IM 


D = 9 i - z(356* 4 + 706* 3 + 636* 2 + 286* + 5) 
+ z 2 (8 + 1) 2 (2596> 2 + 5186* + 285) - 225z 3 (6» + 1) 2 (6> + 2) 2 






a - v ( n - V 

i+j+k+l+m=n v J 




D = 9 A - 2 2 • 3z(1926> 4 + 2406* 3 + 1916* 2 + 716* + 10) 




+ 2 7 ■ 3 2 z 2 (17466> 4 + 39606* 3 + 43236> 2 + 22476* + 395) 


- 2 12 • 3 4 z 3 (25386> 4 + 77766> 3 + 99156* 2 + 56436* + 1030) 
+ 2 ■ 3 z (17826 1 + 64806* + 87936* + 49056* + 875) 

- 2 23 • 3 n z 5 (6» + 1) 2 (36* + 1)(36* + 5) 




" ~~ ^ ^fcj fc!(2fc)!(3fc)! (n - fc)!(2n - 2fc)!(3n - 3fc)! 


36 


D = 6* 4 - 2 4 z(26> + 1) 2 (36* 2 + 36* + 1) + 2 9 z 2 (26> + 1) 2 (26* + 3) 2 




-K 2 ;)s(:)(?)C::r) 
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# 


differential operator D and coefficients A n , n = 0, 1, 2, . . . 




D = e 4 ~ 4z(12806> 4 + 3206* 3 + 946> 2 - 666* - 39) 




+ 2 4 z 2 (6799360 4 + 3399686> 3 + 1143046* 2 - 190086* + 11601) 




- 2 13 z 3 (15155206* 4 + 11366406* 3 + 4306566* 2 + 61446* + 1329) 




+ 2 20 z 4 (78684166» 4 + 78684166» 3 + 33186566* 2 + 1560966* - 118695) 

- 2 31 z 5 (15155206» 4 + 18944006* 3 + 8805766* 2 + 625926* - 4599) 
+ 2 40 z 6 f6799366> 4 + 10199046* 3 + 5180166* 2 + 647046* + 19713) 

- 2 57 z 7 6>(6406> 3 + 11206* 2 + 6176* + 105) 
+ 2 68 z 8 6{0 + 1)(46> + 1)(40 + 3) 




the pullback of the 5th-order differential equation D'y = 0, where 




D' = 6 5 - 8z(26 + 1)(46> + 1)(46> + 3)(56» 2 + 56 + 2) 




+ 2 10 z 2 (<9 + 1)(46> + 1)(40 + 3)(46> + 5)(46» + 7) 




A' n = ^ ±( n ) 2 ( 2k )( 2n - 2k ) 
" n\ 2 {2n)\f^\kj \kj\n-k J 


38 


D = 9 4 - 2 4 z(46> + 1)(46» + 3)(36* 2 + 36* + 1) 
+ 2 9 z 2 (46> + 1)(4(9 + 3)(46> + 5) (46* + 7) 




(4n)! A fn\ (2k\ (2n - 2k\ 
" ~ n! 2 (2n)! ^ \k) \ k J \ n - k J 




D = 9 i - 4z(320(9 4 + 806> 3 + 266» 2 - 146* - 9) 




+ 2 4 z 2 (424966> 4 + 212486* 3 + 78086* 2 - 5606* + 825) 




- 2 12 z 3 (473606> 4 + 355206> 3 + 145686* 2 + 12126* + 141) 


+ 2 19 z 4 (614726» 4 + 614726* 3 + 278486> 2 + 29926* - 783) 

- 2 27 z 5 (23680<9 4 + 29 6 00(9 3 + 146 846* 2 + 18586* - 15) 
+ 2 32 z 6 (424966* 4 + 637446* 3 + 343686* 2 + 60006* + 1293) 

- 2 45 z 7 6*(1606* 3 + 2806* 2 + 1636* + 35) + 2 54 z 8 6*(6* + 1)(26* + l) 2 




the pullback of the 5th-order differential equation D'y = 0, where 




D' = 6* 5 - 8z(26* + 1) 3 (56* 2 + 56* + 2) + 2 10 z 2 (6* + 1)(26* + 1) 2 (26* + 3) 2 






|475| 


D = 6* 4 - 2 4 z(646* 4 + 326* 3 + 126* 2 - 46* - 3) 


+ 2 13 z 2 (486* 4 + 486* 3 + 226* 2 + 26* + 3) 

- 2 22 z 3 6*(46* + 3)(46* 2 + 36* + 1) + 2 30 z 4 6*(6* + 1)(26> + l) 2 




the pullback of the 5th-order differential equation D'y = 0, where 




D' = 6* 5 - 2 5 z(26* + 1) 3 (26» 2 + 26* + 1) + 2 12 z 2 (6* + 1)(26* + 1) 2 (26> + 3) 2 




(2n\ 2 A (2k\ 2 (2n- 2k\ 2 
n -\n) t\k) [n-k) 
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# 


differential operator D and coefficients A n , n = 0, 1, 2, . . . 


41 


D = 9 i - 2z(26 + 1) 2 (70 2 + 76» + 3) + 324z 2 (0 + 1) 2 (20 + 1)(20 + 3) 




/9tj\ " / r? \ /n A- k\ (IkV 

M;)s- i) 3 G*)( * 




D = 6 4 - 8z(20 + 1) 2 (36» 2 + 3(9 + 1) + 64z 2 (0 + 1) 2 (20 + 1)(20 + 3) 








D = 8 4 — 2 4 z(2560 4 + 1280 3 + 440 2 - 206* - 13) 

1 9 14 r 2/qQ z l/54 | OCA/J3 , 1 CAfp- \ Aft \ OQ\ 

- 2 26 z 3 0(640 3 + 966» 2 + 490 + 9) + 2 36 z 4 0(0 + 1)(40 + 1)(40 + 3) 




]J LLllU<at_ J J\. Ul tJlj_LlU.Lt._lLl L-llLldl L-L[lL<_Xl.lOIl U U — WIIL-IL- 




D' = 6 5 - 2 5 z(20 + 1)(40 + 1)(40 + 3)(20 2 + 20 + 1) 
+ 2 12 z 2 (0 + 1)(40 + 1)(40 + 3)(40 + 5)(40 + 7) 




, (4n)! /2fc\ 2 /2n - 2fc\ 2 
" ~ n! 2 (2n)! f^\k) \ n-k J 


AA 
44 


D = 4 - 2 2 z(5440 4 + 1360 3 + 370 2 - 310 - 18) 
+ 2 6 z 2 (2776O0 4 + 1388O0 3 + 43550 2 + 8230 + 2472) 

- 2 lo z 3 (63O4960 4 + 4728720 s + 1681O50 2 + 753330 - 9924) 

+ 2 14 z 4 (54OO8560 4 + 54OO8560 3 + 21461590 2 + 3939230 + 22032) 

- 2 18 z 5 (63O4960 4 + 78812O0 3 + 3651350 2 - 59810 - 55194) 
+ 2 22 z 6 (2776O0 4 + 4164O0 3 + 217O50 2 + 23730 + 1752) 

- 2 26 z 7 0(5440 3 + 9520 2 + 5470 + 119) + 2 3O z 8 0(0 + 1)(20 + l) 2 




the pullback of the 5th-order differential equation D'y = 0, where 




D' = 5 - 4z(20 + 1) 3 (170 2 + 170 + 5) + 16z 2 (0 + 1)(20 + 1) 2 (20 + 3) 2 




/9„\ 2 JL /„\ 2 (n A- k\ 2 

^.=( 2 ;)g (:)( n r) 


45 


D = A - 4z(20 + 1) 2 (70 2 + 70 + 2) - 2 7 z 2 (20 + 1) 2 (20 + 3) 2 






4G 


D = 4 - 6z(20 + 1) 2 (90 2 + 90 + 4) 
+ 324z 2 (20 + 1)(20 + 3)(30 + 2) (30 + 4) 




(2n\ -A (3fc)! (3n-3fc)! 
n ~ \ n) £|j fc! 3 (n-k)P 
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# 


differential operator D and coefficients A n , n = 0, 1, 2, . . . 


1471 


D = 4 - 2 4 3z(20 + 1) 2 (180 2 + 186* + 5) 
+ 2 1O 3V(20 + 1)(20 + 3)(30 + 1)(36> + 5) 




/2n\ y, (6fc)! (6n-6fc)! 
" ~ ^ n ' ho fc! (2fc)!(3fc)! (n - k)\{2n - 2fc)!(3n - 3fc)! 


m 


D = 4 - 12z(30 + 1)(36» + 2)(30 2 +36 + 1) 
+ 288z 2 (30 + 1)(30 + 2)(36> + 4) (30 + 5) 




(3 n )l " / n \ /2k\ (2n - 2k\ 
An ~ nP £^{k){k){n-k ) 




D = 4 - 2 2 • 3z(1440 4 + 728 3 + 260 2 - 100 - 7) 


4y 


_i_ o 4 . ^^fSfizm 4 a. 8640 3 4- c i840 2 4- 94# 4- 5^ 

oil q8 J/i/r,^ , ofi#2 i i q/o r ^\ 

+ 2 16 • 3 lo z 4 0(0 + 1)(36> + 1)(36> + 2) 




ll~io 11 \~i'A cAt nf* llin ^IVi-dttI^t" HiflFprpnlitil pnnfilirm — ti^Viptp 

LIll^ J.J U.11 DdL-IY Ul L11L. O III Ul 1^11 Lldl UflllUll u U ^ W 111^,1 <^ 




£>' = 5 - 24z(20 + 1)(36 + 1)(30 + 2)(20 2 +20 + 1) 




+ 23O4z 2 (0 + 1)(30 + 1)(3(9 + 2) (30 + 4)(3(9 + 5) 




(3n)! /2fc\ 2 /2n - 2fc\ 2 
n ~ nP f^\k) \n-k ) 




D = 6 4 - 3z(72O0 4 + 18O0 3 + 560 2 - 340 - 21) 




+ 3 4 z 2 (239O40 4 + 119520 3 + 42260 2 - 4720 + 439) 




- 3 7 z 3 (42624O0 4 + 31968O0 3 + 1266720 2 + 68280 + 868) 


50 


+ 3 lo z 4 (44259840 4 + 44259840 s + 19435840 2 + 1587040 - 61035) 
- 2 7 • 3 13 z 5 (21312O0 4 + 2664OO0 3 + 1284560 2 + 132020 - 364) 

, r,13 ol6 6/i iqc;9/3 4 i 1 7Q9»fl3 , cmi 7 /i2 . 1440a i occ"! 
q20 ql9 ~7/3f1 ori/i3 , 01 c/)2 , 1 7 q/i , or\ 

+ 2 24 • 3 22 z 8 0(0 + 1)(30 + 1)(30 + 2) 




the pullback of the 5th-order differential equation D'y = 0, where 




D' = 5 - 6z(20 + 1)(30 + 1)(30 + 2)(50 2 + 50 + 2) 




+ 0(0Z (^f + J-J [6a + Lj (6u + I) (of + 4 J (of + oj 




, (3n)! v ^ / n! \ 2 (3n)! (n\ 2 /2fc\ /2n - 2k\ 
n ~ nP ^ \j\k\l\m\) ~ n! 3 ^\k) \k)\n~k J 

j+k+l+rn=n yJ ' k=0 V 7 X 7 X 7 






m 


D = 6 4 - Az{A6 + 1)(40 + 3)(110 2 + 110 + 3) 
- 16z 2 (40 + 1)(40 + 3)(40 + 5) (40 + 7) 




(An)l -f n \ 2 fn + k\ 
n n\ 2 {2n)\ ^ \k) \ k ) 



25 



# differential operator D and coefficients A n , n = 0, 1, 2, . . . 

D = 6> 4 - 2 2 z(21766> 4 + 5446* 3 + 1316* 2 - 1416* - 78) 
+ 2 7 z 2 (2220806* 4 + 1110406* 3 + 313706* 2 + 36906* + 19557) 

- 2 14 z 3 (25219846* 4 + 18914886* 3 + 6133116* 2 + 26180761 - 37362) 
+ 2 20 z 4 (216034246> 4 + 216034246* 3 + 79095296* 2 + 12340896* + 58191) 

- 2 26 z 5 (25219846> 4 + 31524806* 3 + 13620256* 2 - 1028556* - 233532) 
+ 2 31 z 6 (2220806> 4 + 3331206* 3 + 1632306* 2 + 91506* + 13317) 

- 2 38 z 7 6*(21766* 3 + 38086* 2 + 20696* + 357) 

+ 2 44 z 8 6*(6* + 1)(46* + 1)(46* + 3) 

the pullback of the 5th-order differential equation D'y = 0, where 

D' = 6* 5 - 4z(26* + 1)(46* + 1)(46* + 3)(176* 2 + 176* + 5) 
+ 16z 2 (6> + 1)(46* + 1)(46> + 3)(46* + 5) (40 + 7) 

(4n)l I n\ ( n + k^ 2 



n\ 2 (2n)\ ^ \k 



D = 6 4 - 3z(12246> 4 + 3066* 3 + 796> 2 - 746* - 42) 
+ 3 4 z 2 (624606» 4 + 312306* 3 + 93656* 2 + 14906* + 5534) 

- 3 7 z 3 (14186166> 4 + 10639626* 3 + 3634596> 2 + 1596186* - 21788) 
53 + 3 10 z 4 (121519266* 4 + 121519266* 3 + 46600816* 2 + 8009266* + 41364) 

- 3 13 z 5 (14186166* 4 + 17732706* 3 + 7969256* 2 - 331906* - 127418) 
f 3 16 z 6 (624606* 4 + 936906* 3 + 475356* 2 + 41106* + 3854) 

- 3 1 V6 i (12246» 3 + 21426* 2 + 12016* + 238) 

f 3 22 z 8 6>(6> + 1)(36*+ l)(36* + 2) 

the pullback of the 5th-order differential equation D'y = 0, where 

D' = 6* 5 - 3z(26* + 1)(36* + 1)(36* + 2)(176* 2 + 176* + 5) 
+ 9z 2 (6* + 1)(36* + 1)(36> + 2) (36* + 4)(36> + 5) 

(3n) ! ^ fn\ 2 fn + k^ 2 



k=0 



D = 4 - 2z(66* 4 + 106* 3 + 106* 2 + 56* + 1) 
+ 4z 2 (10396* 4 + 41466* 3 + 57076* 2 + 31276* + 592) 
E| - 8z 3 (6* + 1)(41166* 3 + 185126* 2 + 277686* + 13889) 
+ 16z 4 (6» + 1)(6* + 2)(61596* 2 + 246316* + 25143) 
- 64z 5 (6> + 1)(6> + 2)(6» + 3)(20516* + 5127) 
+ 65600z 6 (6> + 1)(6> + 2)(6* + 3)(6* + 4) 



A ,=»-i>^(;)(^y ; 
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# differential operator D and coefficients A n , n = 0, 1, 2, . 



55 



D = 96 4 - 12z(2O80 4 + 2240 3 + 1630 2 + 516* + 6) 
+ 2 9 z 2 (320 4 - 9280 3 - 16066> 2 - 8370 - 141) 
+ 2 16 z 3 (1440 4 + 5760 3 + 4670 2 + 144(9 + 15) - 2 24 z 4 (20 + l) 4 



A n = 



n x 2 n / X 2 /r) 

zn \ /n\ / 2n 



^ \k \2k 

k=0 



D = 9 i - 2 4 z(220 4 + 80 3 + 90 2 + 50 + 1) 
EH1 + 2 9 z 2 (940 4 + 880 3 + 970 2 + 450 + 8) 

- 2 14 z 3 (1940 4 + 3360 3 + 3710 2 + 1950 + 41) 
+ 2 19 • 3z 4 (640 4 + 1760 3 + 2170 2 + 1290 + 30) - 2 27 • 3 2 z 5 (0 + l) 4 



n\ 1 /2k\ 3 /2n - 2fc^ 3 



s k I V k J V n — k 

k=0 



D = 4 - 2 2 z(80 4 + 1O0 3 + 1O0 2 + 50 + 1) 
+ 2 4 z 2 (280 4 + 7O0 3 + 950 2 + 650 + 18) 

- 2 7 z 3 (280 4 + 1O50 3 + 18O0 2 + 1500 + 49) 
+ 2 8 z 4 (7990 4 + 61820 3 + 156290 2 + 136600 + 3856) 

- 2 n z 5 (0 + 1)(14860 3 + 11O820 2 + 253880 + 17397) 
+ 2 13 z 6 (0 + 1)(0 + 2)(22O10 2 + 131850 + 18827) 

- 2 16 z 7 (0 + 1)(0 + 2)(0 + 3)(7310 + 2557) 
+ 2 17 • 5 • 73z 8 (0 + 1)(0 + 2)(0 + 3)(0 + 4) 



A n = ]T(-l) fc 4 r - 



-ik ( n \( ( 6fc ) 



Ak) Vfc!(2fc)!(3fc)! 



58 



59 



D = 4 - 4z(20 + 1) 2 (1O0 2 + 100 + 3) + 144z 2 (20 + 1) 2 (20 + 3) 5 

2n\ 2 f n\ 2 (2k 



k=Q 



D = 490 4 - 2z(17990 4 + 364O0 3 + 3O450 2 + 12250 + 196) 
+ 2 2 z 2 (134970 4 + 555360 3 + 812220 2 + 503370 + 11396) 

- 2 3 z 3 (172O10 4 + 1149960 3 + 2484660 2 + 2026290 + 55412) 

- 2 4 z 4 (57620 4 + 296680 s + 4815O0 2 + 317410 + 7412) 

- 2 5 • 3z 5 (40 + 5)(30 + 2)(30 + 4)(40 + 3) 



_ ^ fn\ (2n - k\ fn + k\ (2k\ (2n - 2k 
h> W V " )\ * )\k) \ n-k 
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# 


differential operator D and coefficients A n , n = 0, 1, 2, . . . 


60 


D = 4 - 2,z(2480 4 + 620 3 + 230 2 — 86* — 6) 
+ 2 2 z 2 (247920 4 + 123966* 3 + 51536* 2 + 7046* + 1126) 

- 2 2 z 3 (254944O0 4 + 1912O8O0 3 + 88279O0 2 + 2308906* + 21527) 

+ 2 3 z 4 (716467520 4 + 716467520 3 + 365089926* 2 + 817620261 - 785881) 

- 2 4 • 3z 5 (36711936O0 4 + 4588992OO0 3 + 25682452O0 2 
+ 542909400 + 1905253) 

+ 2 4 • 3 2 z 6 (2O563476480 4 + 3O845214720 3 + 188O4199680 2 
+ 49980211261 + 140357665) 

- 2 9 • 3 5 z 7 (2O57O1120 4 + 359976960 3 + 237O98880 2 
+ 74370246 1 + 640447) 

+ 2 12 • 3 8 z 8 (240 + 5)(240 + 11) (24(9 + 13)(240 + 19) 


the pullback of the 5th-order differential equation D'y = 0, where 


D' = 5 - 2z(20 + 1)(310 4 + 620 3 + 
+ 12z 2 (0 + 1)(36> + 2) (361 + 4) (40 -+ 


540 2 ^ 
-3) (40 


- 230 + 4) 
+ 5) 






(?)( 


'2n - 2k\ 
v n-k ) 




|6ij 


D = 6 4 - 2 4 3 2 z(60 + 1)(60 + 5)(720 2 + 720 + 31) 
+ 2 12 3 8 z 2 (60 + 1)(60 + 5) (60 + 7) (6(9 + 11) 






\/-l/6> 
)\n-kj 


2 


62 


D = 9 4 - 12z(60 + 1)(60 + 5)(70 2 + 70 + 2) 
+ 1152z 2 (60 + 1)(60 + 5)(60 + 7)(60 + 11) 


(6»)! 

n n!(2n)!(3n)! £jj 






63 


D = 9 4 - 12z(60 + 1)(60 + 5)(110 2 + 110 + 3) 
+ 144z 2 (60 + 1)(60 + 5)(60 + 7) (60 + 11) 


(6n)! y, /n\ 
n n!(2n)!(3rc)! ^ \k) 


2 fn + 
V k 
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# 



differential operator D and coefficients A n , n = 0, 1, 2, . 



64 



L> = 4 - 122(60 + 1)(60 + 5)(1O0 2 + 106* + 3) 
+ 1296z 2 (60 + 1)(60 + 5)(60 + 7) (60 + 11) 



(6n) 



n!(2n)!(3n) 



E 



65 



D = 6 A - 48z(60 + 1)(60 + 5)(30 2 + 30 + 1) 
+ 46O8z 2 (60 + 1)(60 + 5) (60 + 7)(60 + 11) 



A n — 



(6n)! 



n!(2n)!(3n)! ^ 



2n- 2fc 

n — k 



66 



L> = 4 - 2 2 • 3z 



2 4 • 3 4 z 2 ( 



72O0 3 + 1940 2 - 1660 - 93) 



-2 12 


3 7 z 3 (42624O0 4 + 31968O0 3 + 1133520 2 - 54120 - 


305) 


+ 2 19 


3 lo z 4 (5532480 4 + 5532480 s + 2198960 2 - 14320 - 


- 9327) 


_ 2 28 


3 13 z 5 (lO656O0 4 + 1332OO0 3 + 586780 2 + 13210 - 


518) 


+ 2 32 


3 16 z 6 (3824640 4 + 5736960 s + 27744O0 2 + 227040 


+ 10669) 


_ 2 45 


3 19 z 7 0(144O0 3 + 252O0 2 + 13270 + 175) 




+ 2 54 


3 22 z 8 0(0 + 1)(60+ l)(60 + 5) 





67 



the pullback of the 5th-order differential equation D'y = 0, where 

D' = 5 - 24z(20 + 1)(60 + 1)(60 + 5)(50 2 + 50 + 2) 
+ 9216z 2 (0 + 1)(60 + 1)(60 + 5) (60 + 7) (60 + 11) 



A„ — 



(6n)! 



n!(2n)!(3n)! E 

v ' y ' k=0 



2n - 2k 
n — k 



D = 4 - 2 4 • 3z(5760 4 + 2880 3 + 920 2 - 520 - 31) 
+ 2 13 • 3 4 z 2 (4320 4 + 4320 3 + 1740 2 - 60 + 25) 
- 2 22 • 3 8 z 3 0(40 + 1)(120 2 + 150 + 5) 
+ 2 30 ■ 3 lo z 4 0(0 + 1)(60 + 1)(60 + 5) 

the pullback of the 5th-order differential equation D'y = 0, where 

D' = 5 - 96z(20 + 1)(60 + 1)(60 + 5)(30 2 + 30 + 1) 
+ 36864z 2 (0 + 1)(60 + 1)(60 + 5)(60 + 7) (60 + 11) 



(6n) 



\ " 



!(2n)!(3n)! £j V * 



2fc\ 2 /2n- 2fc^ 2 



- k 



68 



D = 4 - 4z(40 + 1)(40 + 3)(70 2 + 70 + 2) 
- 128z 2 (40 + 1)(40 + 3) (40 + 5) (40 + 7) 



x -> / n 



(4n)! 
n! 2 (2n)! ^ \ k 
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# 


differential operator D and coefficients A n , n = 0, 1, 2, . . . 


69 


D = i - Az{46 + 1)(40 + 3)(1O0 2 + 106* + 3) 
+ 144z 2 (40 + 1)(40 + 3) (40 + 5) (40 + 7) 




( 4n)! » /nXV2a 
n 7i! 2 (2n)! ^ W V fc / 


70 


D = 4 - 3^(30 + 1)(30 + 2)(1O0 2 + 100 + 3) 
+ 81z 2 (30 + 1)(30 + 2)(30 + 4) (30 + 5) 




(3n)! <A fn\ 2 f2k\ 
n!3 2^{k) [k) 




D = 4 + 2 4 z(390 4 - 420 3 - 290 2 - 80 - 1) 


IVil 


+ 2 n z 2 0(370 3 - 1370 2 - 100 - 1) 

- 2 16 z 3 (1810 4 + 4560 3 + 3530 2 + 1320 + 19) 

- 2 23 5z 4 (360 4 + 6O0 3 + 360 2 + 60 - 1) + 2 3O 5V(0 + l) 4 








<A f2k\ 4 (2n - 2k\ 4 (n\ ~ 3 

^-"gU) („_*) (*) 




D = 4 - 2z(1360 4 + 26O0 3 + 1980 2 + 680 + 9) 


|721 


+ 2 2 z 2 (lO480 4 + 25840 3 + 31O20 2 + 21880 + 703) 

- 2V(15520 4 + 46320 3 + 65520 2 + 46140 + 1089) 

+ 2 4 z 4 (41120 4 + 143680 3 + 215280 2 + 143440 + 3585) - 2 16 z 5 (0 + l) 4 






73 


D = 4 - 18z(420 4 + 6O0 3 + 450 2 + 150 + 2) 


+ 3 • 18 2 z 2 (18O0 4 + 4320 3 + 4530 2 + 2220 + 40) 

- 3 • 18 4 z 3 (20 + 1) 2 (130 2 + 290 + 20) + 18 6 z 4 (20 + 1) 2 (20 + 3) 2 




(2n\ y, (3fc)! (3n - 3fc)! (2n\ /n\ ^ 
" _ I n I fc|3 t n _ mis [ k )\k) 




D = 4 - 2 • 3z(990 4 + 360 3 + 390 2 + 210 + 4) 


|V4| 


+ 2 2 • 3 2 z 2 (38O70 4 + 35640 3 + 37980 2 + 16830 + 284) 


- 2 3 • 3 5 z 3 (78570 4 + 136O80 3 + 145620 2 + 73170 + 1444) 
+ 2 4 • 3 9 z 4 (25920 4 + 71280 3 + 855O0 2 + 48510 + 1052) 

- 2 5 • 3 13 z 5 (30 + 2)(30 + 4)(60 + 5)(60 + 7) 




A ^ (3Jfe)! (3n - 3Jfe)! (2k\ (2n - 2k\ (n\ _1 
An ~^ Q kP (n-fc)! 3 \k )\ n-k )\k) 




D = 4 - lOz(20 + 1) 2 (260 2 + 260 + 5) 


m 


+ 4z 2 (20 + 1)(20 + 3)(7740 2 + 15480 + 823) 

- 3O88z 3 (20 + 1)(20 + 3) 2 (20 + 5) 

+ 4112z 4 (20 + 1)(20 + 3) (20 + 5)(20 + 7) 




^C;)t(:) ( : )! 



30 



4k 
ft 


H i (fpi'pnti fi 1 on Pi" Pi \~c\y D 'A n ri rTipfnPiA'ni'Q A n — 1*? 


m 


L> = 4 - z(lO290 4 + 2O580 3 + 14820 2 + 4530 + 49) 
+ z 2 {6 + 1) 2 (41O60 2 + 82120 + 5007) 

- z 3 (6 + 1)(0 + 2)(61540 2 + 184626* + 14809) 
+ 41Olz 4 (0 + l)(0 + 2) 2 (0 + 3) 

- lO25z 5 (0 + 1)(0 + 2)(0 + 3)(0 + 4) 






77 


D = 4 - z(164160 4 + 41160 3 + 9O60 2 - 11520 - 625) 
+ z 2 (lO11224960 4 + 5O7581920 3 + 133261740 2 + 7739080 + 8758171) 

- z 3 (2772993346560 4 + 2O91871831680 3 + 639523235O40 2 
+ 258561438600 - 4222453166) 

+ z 4 (28699673O7586560 4 + 29O319472O458240 3 + 1O21443O64O36160 2 
+ 137345415383840+ 29090804825) 

- 2 4 • 3 • 5 2 • 41z 5 (40 - 1)(231O82778880 3 + 52O94682O960 2 
+ 445830106360 + 13882711785) 

+ 2 5 • 5 4 ■ 41 2 z 6 (40 - 1)(40 + 3)(5O5612480 2 + 1265015920+ 87298415) 

- 2 8 • 3 • 5 6 • 4lV(40 - 1)(40 + 3)(40 + 7)(13680 + 2395) 
+ 2 8 • 5 8 • 41 4 z 8 (40 - 1)(40 + 3)(40 + 7) (49 + 11) 




the pullback of the 5th-order differential equation D'y = 0, where 




D' = 5 - 2(20 + 1)(1O290 4 + 2O580 3 + 14820 2 + 4530 + 49) 
+ 4(0 + 1)(20 + 1)(20 + 3)(41O60 2 + 82120 + 5007) 

- 8(20 + 1)(20 + 3)(20 + 5)(61540 2 + 184620 + 14809) 
+ 48 • 1367(0 + 2) (20 + 1)(20 + 3) (20 + 5) (20 + 7) 

- 2 5 • 5 2 • 41(20 + 1)(20 + 3) (20 + 5)(20 + 7) (20 + 9) 







31 



# 


differential operator D and coefficients A n , n = 0, 1, 2, . . . 


EHl 


D = 4 - z(163920 4 + 41O20 3 + 9OO0 2 - 11510 - 624) 
+ z 2 (lOO778O120 4 + 5O45457O0 3 + 131895390 2 + 8032110 + 8784048) 

- z 3 (27548223O84O0 4 + 2070147196146* 3 + 6288368115O0 2 
+ 259364503500 - 4109625168) 

+ z 4 (28285O8767683260 4 + 2839524O26452O20 3 + 9866524346O5970 2 
+ 137901924606440+ 614356880784) 

- 17 • 241z 5 0(27548223O84O0 3 + 62O238O658740 2 
+ 5301955426800+ 165017893373) 

+ 17 2 ■ 241 2 z 6 0(0 + 1)(1OO778O120 2 + 2520105940 + 173831131) 

- 2 • 17 3 • 241 3 z 7 0(0 + 1)(0 + 2)(81960 + 14345) 
+ 17 4 • 241 4 z 8 0(0 + 1)(0+ 2)(0 + 3) 




the pullback of the 5th-order differential equation D'y = 0, where 




D' = 5 - z(20 + 1)(2O510 4 + 41O20 3 + 29510 2 + 9000 + 97) 
+ z 2 (0 + 1)(2O4950 4 + 8198O0 3 + 1324570 2 + 1009540 + 30175) 

- 2z 3 (0 + 1)(0 + 2)(20 + 3)(1O2450 2 + 307350 + 27983) 
+ z 4 (0 + 1)(0 + 2)(0 + 3)(4O9750 2 + 1639000 + 173889) 

- lO243z 5 (0 + 1)(0 + 2)(0 + 3)(0 + 4)(20 + 5) 
+ 4O97z 6 (0 + 1)(0 + 2)(0 + 3)(0 + 4)(0 + 5) 




k=0 v 7 v y 


|751 


D = 4 - z(313O0 4 + 626O0 3 + 43850 2 + 12550 + 121) 
+ 15z 2 (0 + 1) 2 (8340 2 + 16680 + 1001) 

- 5z 3 (0 + 1)(0 + 2)(37520 2 + 112560 + 9005) 
+ 125O5z 4 (0 + 1)(0 + 2) 2 (0 + 3) 

- 3126z 5 (0 + 1)(0 + 2)(0 + 3)(0 + 4) 




same K(q) as in ^1 




k=0 v 7 



32 



# 


differential operator D and coefficients A n , n = 0, 1, 2, . . . 


80 


D = 4 - 2^(250166» 4 + 62606 3 + 12556 2 - 1875(9 - 998) 
+ 2 2 z 2 (2347251126 4 + 1175126406 3 + 284860256 2 - 106200 + 20240412) 

- 2 4 z 3 (4896885502246 4 + 3679704379206 3 + 1047237909406 2 
+ 412422536256* - 7232306723) 

+ 2 6 z 4 (3839146501877806 4 + 3853830118132006 s3 + 1263388011271756 2 
+ 1453144910430061+ 193021814409) 

- 16 • 24 • 521z 5 (46 - 1)(4896885502246 3 + 11025032632566 2 
+ 9377340790146*+ 289728842991) 

+ 4 ■ 24 2 • 521 2 z 6 (46 - 1)(46 + 3) (2347251126* 2 
+ 5869628646* + 404126249) 

- 16 • 24 3 • 52lV(40 - 1)(46 + 3) (46 + 7)(31276 + 5473) 
+ 24 4 • 521 4 z 8 (46 - 1)(46 + 3) (46 + 7) (46 + 11) 


the pullback of the 5th-order differential equation D'y = 0, where 


D' = 6 5 - 2z(26 + 1)(31306 4 + 62606 3 + 43856 2 + 12556 + 121) 
+ 60z 2 (6 + 1)(26 + 1)(26 + 3)(8346 2 + 16686 + 1001) 

- 40z 3 (26 + 1)(26 + 3)(26 + 5)(37526 2 + 112566 + 9005) 
+ 2 4 ■ 5 • 41 ■ 61z 4 (6 + 2)(26 + 1)(26 + 3) (26 + 5)(26 + 7) 

- 2 6 • 3 • 521z 5 (26 + 1)(26 + 3) (26 + 5) (20 + 7) (26 + 9) 


(2n\ ^ fn\ (5k)\ 
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# 



differential operator D and coefficients A n , n = 0, 1, 2, . 



81 



D = 9 4 - z(5OOO80 4 + 125O60 3 + 25O40 2 - 37496* - 1995) 
+ z 2 (93785OO280 4 + 4691250426* 3 + 1135312850 2 + 500110 + 81040890) 

- z 3 (7818126O5OO560 4 + 58673457376260 3 + 16657673876260 2 
+ 6606997812960- 114681662235) 

+ z 4 (24453139O6425OO7O0 4 + 244844O781725O21O0 3 

+ 798841O5285877450 2 + 9321888574438500 + 28724348623005) 

- 3 3 • 463z 5 0(7818126O5OO560 3 + 1759453481271O0 2 
+ 149592075127800 + 4621083875125) 

+ 3 6 • 463 2 z 6 0(0 + 1)(93785OO280 2 + 23448250980 + 1614171341) 

- 2 ■ 3 9 • 463 3 z 7 0(0 + 1)(0 + 2)(25OO40 + 43759) 

+ 3 12 ■ 463 4 z 8 0(0 + 1)(0 + 2)(0 + 3) 



same K(q) as in #80 
the pullback of the 5th-order differential equation D'y — 0, where 



D' = 5 - z(20 + 1)(62530 4 + 125O60 3 + 87570 2 + 25040 + 241) 
+ z 2 (0 + 1)(625150 4 + 25OO6O0 3 + 4O26O50 2 + 3050900 + 90511) 

- 7Oz 3 (0 + 1)(0 + 2)(20 + 3)(8930 2 + 26790 + 2429) 

+ 5z 4 (0 + 1)(0 + 2)(0 + 3)(25OO30 2 + 1000120 + 106013) 

- 31253z 5 (0 + 1)(0 + 2)(0 + 3)(0 + 4)(20 + 5) 
+ 3 3 • 463z 6 (0 + 1)(0 + 2)(0 + 3)(0 + 4)(0 + 5) 



A' V ( n \ ( 2k \ (5fc)! 

™ w v k ) fc|5 



fe=0 



D = 4 - z(1866310 4 + 466620 3 + 84280 2 - 149030 - 7812) 
+ z 2 (13O618137810 4 + 65317OOO680 3 + 14521O84150 2 
- 1056188060+ 1116194184) 



z 



(4O63O51329431390 4 + 3O47843616227460 3 



82 



+ 8O4778253936150 2 + 303477639962760 - 5895787146228) 
+ 13 • 37 ■ 97z 4 0(lO159261O5O3O110 3 + 1O16296197685680 2 
+ 310894165501980 + 2838662698240) 

- 13 2 • 37 2 • 97 2 z 5 0(0 + 1)(65311868370 2 + 108861045810 + 5020240741) 
+ 13 3 ■ 37 3 • 97 3 z 6 0(0 + 1)(0 + 2)(1399750 + 186639) 

- 13 4 • 37 4 • 97 4 z 7 0(0 + 1)(0 + 2)(0 + 3) 



the pullback of the 5th-order differential equation D'y = 0, where 



D' = 5 - 7z(20 + 1)(33330 4 + 66660 3 + 45370 2 + 12040 + 103) 
+ z 2 (0 + 1)(82332950 4 + 93318O0 3 + 14969850 2 + 11276100 + 331951) 

- lOz 3 (0 + 1)(0 + 2)(0 + 3)(233290 2 + 699870 + 63183) 
+ 5z 4 (0 + 1)(0 + 2)(0 + 3)(933150 2 + 3732600 + 395293) 

- 3 • 59 • 659z 5 (0 + 1)(0 + 2)(0 + 3)(0 + 4)(20 + 5) 
+ 13 • 37 • 97z 6 (0 + 1)(0 + 2)(0 + 3)(0 + 4)(0 + 5) 



_ ^ fn\ (6k)l 



34 



4k 
ft 




m 


D = 4 — 2 4 z(880 4 + 3 26» 3 + 330 2 + 170 + 3) 
+ 2 9 z 2 (15O40 4 + 14O80 3 + 14360 2 + 596(9 + 93) 

- 2 18 z 3 (7760 4 + 13446I 3 + 13810 2 + 6510 + 117) 

+ 3 • 2 23 z 4 (20 + 1)(5120 3 + 11520 2 + 10546> + 339) 

- 9 • 2 31 z 5 (20 + 1)(20 + 3) (40 + 3) (40 + 5) 




(2n\ A /n\ (2n\ _1 (4fc)! (4n-4fc)! 
" ~ V n ' k^O W V 2fc / k\ 2 (2k)\ (n - k)\ 2 {2n ~ 2k)\ 


84 


D = 4 - 4z(320 4 + 640 3 + 630 2 + 310 + 6) 
+ 256z 2 (0 + 1) 2 (40 + 3)(40 + 5) 




A* /n\ 2 /2ra\ _1 (4fc)! (4n-4fc)! 
n ~f^ Q \k) \2k) k\ 2 {2k)\{n-k)\ 2 {2n-2k)\ 


|55| 


D = 4 - 2z(20 + 1) 2 (8660 2 + 8660 + 121) 
+ 4z 2 (20 + 1)(20 + 3)(519O0 2 + 103800 + 5431) 
- 2 4 • 1297z 3 (20 + 1)(20 + 3) 2 (20 + 5) 
+ 2 4 • 7 • 13 • 19z 4 (20 + 1)(20 + 3)(20 + 5) (20 + 7) 




(2n\ " fn\ (2k\ (6fc)! 
L LUJ U fc'f2fcW3A;V 

\ / ^,_q V"'/ \ n / V "V ■ V "'/' ■ 


M 


D = 4 - z(69170 4 + 138340 3 + 961O0 2 + 26930 + 241) 
+ z 2 (0 + 1) 2 (276580 2 + 553160 + 33039) 

- z 3 (0 + 1)(0 + 2)(414820 2 + 1244460 + 99481) 
+ 27653z 4 f0 + 11C0+ 2l 2 f0 + 3) 

- 31 • 223z 5 (0 + 1)(0 + 2)(0 + 3)(0 + 4) 




same K(q) as in #85 




" /n\/2fc\ (6fc)! 
" LUjUj k^ 3 (3kY 


|87| 


D = 9 i - z(31450 4 + 62820 3 + 44O30 2 + 12620 + 122) 
+ 4z 2 (20 + 1)(627O0 3 + 188O40 2 + 200580 + 7523) 

- 8z 3 (20 + 1)(20 + 3)(93950 2 + 281810 + 22544) 
+ 16z 4 (20 + 1)(20 + 3)(20 + 5)(626O0 + 12519) 

- 2 4 • 3 • 7 • 149z 5 (20 + 1)(20 + 3)(20 + 5)(20 + 7) 




(2n\ ^ fn\ (5k)\ 

n ~ I n J L> \k W 

\ ' k=0 v 7 
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# 


differential operator D and coefficients A n , n = 0, 1, 2, . . . 




D = 6 i - z(1106246> 4 + 27668(9 3 + 53866> 2 - 84486* - 4465) 
+ z 2 (45895684486' 4 + 22 961116646* 3 + 54 2 921O540 2 
- 1071358061 + 395878043) 

- z 3 (846479537638406» 4 + 63541034834496<? 3 + 176872575640806> 2 
+ 690130409214861- 1219151757870) 

+ z 4 (5860174168035343366> 4 + 5870329719706539526 13 

+ 1882885280236239686 12 + 204430508266834726 1 + 526999484846681) 

- 2 4 • 31 ■ 223z 5 (46» - 1) (211619884409606* 3 + 476282413700646> 2 
+ 4043712438422861+ 12464650057531) 

+ 2 5 • 31 2 • 223 2 z 6 (46» - 1)(46> + 3)(22947842246> 2 
+ 57376242806 1 + 3947717231) 

- 2 s • 31 3 • 223 3 z 7 (46» - 1)(46> + 3)(46> + 7)(276566» + 48401) 
+ 2 8 • 31 4 • 223 4 z 8 (46» - 1)(46> + 3)(46> + 7) (40 + 11) 


the pullback of the 5th-order differential equation D'y = 0, where 


D' = 6 5 - 2z(26 + 1)(69170 4 + 138340 3 + 96106> 2 + 26930 + 241) 
+ 4z 2 (0 + 1)(20 + 1)(20 + 3)(276580 2 + 553166 1 + 33039) 

- 8z 3 (20 + 1)(20 + 3) (2(9 + 5)(414820 2 + 1244466 1 + 99481) 
+ 442448z 4 (0 + 2) (26 + 1)(20 + 3)(26 + 5) (20 + 7) 

- 221216z 5 (20 + I) (26 + 3) (20 + 5) (26* + 7) (2(9 + 9) 


(2n\ " (n\(2k\ (6k)\ 
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# 


differential operator D and coefficients A n , n = 0, 1, 2, . . . 


PI 


D = i - z(llO6OO0 4 + 27654(9 3 + 538O0 2 - 84476* - 4464) 
+ z 2 (45872455960 4 + 2294O651940 3 + 542O1O6590 2 
- 1050699761 + 396053424) 

- z 3 (845653624382OO0 4 + 6344237O3686380 3 + 176394455916780 2 
+ 690544357943861- 1214113199184) 

+ z 4 (5847483169842832O60 4 + 585O8656OO85496O180 3 

+ 18724O9O58346134930 2 + 204684856287975406 1 + 703267501469328) 

- 43 • 643z 5 0(845653624382OO0 3 + 19O29O414O259380 2 
4- 1 61 53084061 74966* 4- 497874041 71 1 331 

+ 43 2 • 643 2 z 6 0(0 + 1)(45872455960 2 + 114685563860 + 7890274651) 

- 2 ■ 43 3 ■ 643 3 z 7 0(0 + 1)(0 + 2)(553OO0 + 96777) 
+ 43 4 • 643 4 z 8 0(0 + 1)(0 + 2)(0 + 3) 


same K(q) as in =#=88 
the pullback of the 5th-order differential equation D'y = 0, where 


D' = 5 - z(26 + 1)(138270 4 + 276546 13 + 192O70 2 + 53800 + 481) 
+ z 2 (6 + 1)(1382550 4 + 553O2O0 3 + 8894496 12 + 6728580 + 199135) 

- 2z 3 (0 + 1)(0 + 2) (20 + 3)(691250 2 + 2073756* + 187791) 
+ z 4 (9 + 1)(0 + 2)(0 + 3)(2764950 2 + 11059806* + 1172033) 

- 691232 5 (0 + 1)(0 + 2)(0 + 3)(0 + 4) (20 + 5) 
+ 27649z 6 (0 + 1)(0 + 2)(0 + 3)(0 + 4)(0 + 5) 


71 

4. = E 

k=0 


C)l 




2 (6*)! 
kl 3 (3k)l 


90 


D = 6 4 - 2z(20 + 1) 2 (560 2 + 566* + 13) 
+ 2Oz 2 (20 + 1)(20 + 3)(660 2 + 1320 + 71) 
- 1312z 3 (20 + 1)(20 + 3) 2 (20 + 5) 
+ 1744z 4 (20 + 1)(20 + 3) (20 + 5) (26 + 7) 




n 

E 


G) 


(2k\ (3fc)! 
\k) k\ 3 


m 


D = 9 4 - z(4370 4 + 8740 3 + 6460 2 2O90 + 25) 
+ z 2 (0 + 1) 2 (17380 2 + 34760 + 2151) 

- z 3 (0 + 1)(0 + 2)(26O20 2 + 78060 + 6277) 
+ 1733z 4 (0 + l)(0 + 2) 2 (0 + 3) 

- 433z 5 (0 + 1)(0 + 2)(0 + 3)(0 + 4) 


k=0 v 7 


Cf 


\ 2 (3k)l 
) k\ 3 
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# 


differential operator D and coefficients A n , n = 0, 1, 2, . . . 


92 


D = 4 - 2 2 z(120 4 + 160 3 + 140 2 + 66 + 1) 
+ 2 4 z 2 (7890 4 + 3O760 3 + 41670 2 + 22226* + 385) 

- 2 7 z 3 (20 + 1)(14980 3 + 67O10 2 + 99870 + 4949) 
+ 2 8 z 4 (20 + 1)(20 + 3)(44346» 2 + 17696* + 18003) 

- 2 n z 5 (20 + 1)(20 + 3) (20 + 5)(147O0 + 3671) 
+ 2 12 • 733z 6 (20 + 1)(20 + 3) (20 + 5) (20 + 7) 




ft) E<-')'^(£) (?)'(£) 

\ / j. \^ n v \ n/ / \^ n v 


PI 


D = 6 4 - z(4480 4 + 8720 3 + 6480 2 + 2120 + 26) 
+ z 2 (7OO80 4 + 173760 3 + 2O6640 2 + 144960 + 4652) 

- z 3 (417280 4 + 1248OO0 3 + 1754880 2 + 1227840 + 28576) 
+ z 4 (HO8480 4 + 3875840 3 + 57792O0 2 + 3818240 + 94096) 

- 3O72z 5 (0 + 1) 2 (60 + 5) (60 + 7) 




(2n\ ^ (n\ 2 (2k\ (2n\ _1 (3fc) ! 




D = 4 - z(276560 4 + 69180 3 + 142O0 2 - 20390 - 1092) 
+ z 2 (286848O280 4 + 1435346340 3 + 354725870 2 + 6084350 + 24800580) 

- z 3 (132262427756O0 4 + 9931154896620 3 + 2872267573260 2 
+ 1151291546860- 19751450796) 

+ z 4 (228913O5343888O60 4 + 22944198842175540 3 + 762O369955159730 2 
+ 939721785158920 + 2628910994892) 

- 31 • 223z 5 0(132262427756O0 3 + 2977O519O6OO20 2 
+ 25348846998400+ 784655821733) 

+ 31 2 • 223 2 z 6 0(0 + 1)(286848O280 2 + 7172306900 + 494009059) 

- 2 ■ 31 3 ■ 223'V0(0 + 1)(0 + 2)(138280 + 24201) 
+ 31 4 • 223 4 z 8 0(0 + 1)(0 + 2)(0 + 3) 




the pullback of the 5th-order differential equation D'y = 0, where 




D' = 5 - z(20 + 1)(34590 4 + 69180 3 + 48790 2 + 14200 + 145) 
+ z 2 (0 + 1)(345750 4 + 1383OO0 3 + 2228730 2 + 1691460 + 50287) 

- 2z 3 (0 + 1)(0 + 2) (20 + 3)(172850 2 + 518550 + 47067) 
+ z 4 (0 + 1)(0 + 2)(0 + 3)(691350 2 + 2765400 + 293201) 

- 17283z 5 (0 + 1)(0 + 2)(0 + 3)(0 + 4) (20 + 5) 
+ 6913z 6 (0 + 1)(0 + 2)(0 + 3)(0 + 4)(0 + 5) 




^ fn\ (2k\ (3fe)! (4k)! 
" k^o W V fc / fc!3 fc! 2 (2fc)! 



3S 



# 



differential operator D and coefficients A n , n = 0, 1, 2, . 



95 



D = 6> 4 - z(17336* 4 + 34666> 3 + 24466> 2 + 7136> + 73) 
+ z 2 (9 + 1) 2 (69226> 2 + 1384461 + 8343) 

- z 3 (6> + 1)(0 + 2)(103786> 2 + 311346* + 24925) 
+ 6917z 4 (6» + l)(6* + 2) 2 (6 , + 3) 

- 1729z 5 (6> + 1)(9 + 2)(0 + 3) (61 + 4) 



_^/n\ (3fc)! (4fc) 
n ^ \k) kl 3 fc! 2 (2fc) 



fc=0 



96 



D = 9 A - z(10406> 4 + 20566* 3 + 14846* 2 + 4566 1 + 50) 
+ 4z 2 (41206> 4 + 102646* 3 + 120626* 2 + 83966* + 2687) 
- 16z 3 (61606* 4 + 184566> 3 + 257526» 2 + 178626* + 4081) 
+ 16z 4 (164006> 4 + 573766* 3 + 850166* 2 + 555606* + 13441) 
-2 14 z 5 (6* + l) 2 (46* + 3)(46* + 5) 



_ (2n\ ^ (n\ 2 (2n\ 1 (4fc) 



^ \k \2k 

fc=0 



97 



D = 9 4 - z(164006* 4 + 41006* 3 + 9026* 2 - 11486* - 623) 
+ z 2 (1009255366» 4 + 504627686* 3 + 132321826* 2 + 84 7 6 286* + 8 7 96 1 51) 

- z 3 (2764900928006» 4 + 2073675696006* 3 + 632428340646* 2 
+ 2636246731661- 3821932666) 

+ z 4 (2858826910927366> 4 + 2858826910927366* 3 + 1000297076163526* 2 
+ 154519542374566'+ 1121739103233) 

- 2 n z 5 (22119207424006» 4 + 27649009280006* 3 + 20066679533926* 2 
+ 116590935258461+ 332723569061) 

+ 2 20 z 6 (258369372166> 4 + 387554058246* 3 + 330988473606* 2 
+ 1391454361661- 569939335) 

- 2 33 z 7 (83968006> 4 + 146944006* 3 + 123303046* 2 + 34440006* + 461113) 
+ 2 44 z 8 (86' + 3) 2 (86' + 5) 2 



the pullback of the 5th-order differential equation D'y = 0, where 



D' = 6* 5 - 2z(20586* 5 + 51256* 4 + 50026* 3 + 23786* 2 + 5496* + 49) 
+ 2 2 z 2 (205206* 5 + 614806* 4 + 909506* 3 + 899066* 2 + 558776* + 15545) 

- 2 3 z 3 (820006* 5 + 2868406* 4 + 5070606* 3 + 5320586* 2 + 2771206* + 38601) 
+ 2 4 z 4 (1639206* 5 + 6555206* 4 + 12597206* 3 + 12862246* 2 

+ 6110976*+ 122882) 

- 2 5 z 5 (1638726* 5 + 7373606* 4 + 14644006* 3 + 14469526* 2 
+ 7096426* + 138241) 

+ 2 18 z 6 (6> + 1) 3 (46» + i){A9 + 5) 



(2n\ ^ (n\ 2 (2k\ 2 (2n\ 1 (4fc) ! 



\nj^\k) \k J \2k k\ 2 {2k)\ 

v 7 k=Q \ / V / \ / V I 



39 



# 


differential operator D and coefficients A n , n = 0, 1, 2, . . . 


98 


L> = 6> 4 - z(69286* 4 + 17326* 3 + 4146* 2 - 4526* - 251) 
+ z 2 (180265926> 4 + 90132966* 3 + 25415586* 2 + 2959326* + 1580631) 

- z 3 (209264396806* 4 + 156948297606* 3 + 51194466726* 2 
+ 22219994766*- 262743618) 

+ z 4 (92480480872966» 4 + 92480480872966* 3 + 34706224958406* 2 
+ 6685906460326'+ 65658526849) 

- 2 4 • 24z 5 (3766759142406> 4 + 4708448928006* 3 + 3487268948966» 2 
+ 2025143427366*+ 57000462817) 

+ 2 6 • 24 2 z 6 (233624632326> 4 + 350436948486* 3 + 303280035846 s2 
+ 128699320326*- 426340673) 

- 2 4 • 24 5 z 7 (179573766* 4 + 314254086* 3 + 266738406* 2 
+ 763812061+ 1060093) 

+ 24 8 z 8 (126* + 5) 2 (126* + 7) 2 




the pullback of the 5th-order differential equation D'y = 0, where 




D' = 6» 5 - 2z(8746* 5 + 21656* 4 + 21466* 3 + 10546* 2 + 2576* + 25) 
+ 2 2 z 2 (86806* 5 + 259606» 4 + 387106* 3 + 384986* 2 + 239816* + 6689) 

- 2 3 z 3 (346406* 5 + 1210806* 4 + 2152206* 3 + 2270346* 2 + 1191606* + 17085) 
+ 2 4 z 4 (692006> 5 + 2766406* 4 + 5339606* 3 + 5484326* 2 + 2634016* + 53762) 

- 2 5 z 5 (691526» 5 + 3111206* 4 + 6202406* 3 + 6169366* 2 + 3058666* + 60481) 
+ 2 14 • 3z 6 (6» + 1) 3 (66* + 5)(66* + 7) 




f2n\-/n\ 2 /2k\ 2 /2ny 1 (3k)\ 


m\ 


D = 13 2 6* 4 - z(593976» 4 + 1175466* 3 + 868276* 2 + 280546* + 3380) 
+ 2 4 z 2 (63866* 4 - 17746* 3 - 178986* 2 - 115966* - 2119) 
+ 2 8 z 3 (676* 4 + 12486* 3 + 10916* 2 + 3126* + 26) - 2 12 z 4 (26> + l) 4 




A " = (»)SG)( » ) 
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D = 6* 4 - z(736* 4 + 986* 3 + 776* 2 + 286* + 4) 
+ z 2 (5206> 4 - 10406* 3 - 29046* 2 - 20486* - 480) 
+ 2 6 z 3 (656> 4 + 3906* 3 + 4176* 2 + 1806* + 28) 
- 2 9 z 4 (736* 4 + 1946* 3 + 2216* 2 + 1246* + 28) + 2 15 z 5 (6* + l) 4 




H£(;)T 
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# differential operator D and coefficients A n , n = 0, 1, 2, . 

D = 8 4 - z(1240 4 + 2420 3 + 1870 2 + 660 + 9) 
I TTTTp + z 2 (1230 4 - 2460 3 - 7876> 2 - 5546* - 124) 

+ z 3 (1230 4 + 7380 3 + 6890 2 + 2106* + 12) 
- z 4 (1240 4 + 2540 3 + 2056> 2 + 786* + 12) + z 5 (0 + l) 4 



D = 9 i - z(79 2 + 79 + 2){1W 2 + 11(9 + 3) 

- z 2 (lO490 4 + 4 1 00(9 3 + 56890 2 + 3178(9 + 640) 
+ 2 3 z 3 (770 4 - 4626> 3 - 142O0 2 - 10530 - 252) 

+ 2 4 z 4 (lO410 4 + 20 82(9 3 - 14O60 2 - 2447(9 - 746) 
+ 2 6 z 5 (770 4 + 77O0 3 + 4286> 2 - 936* - 80) 

- 2 6 z 6 (lO490 4 + 96(9 3 - 3170 2 + 960 + 100) 

- 2 9 z 7 (70 2 + 78 + 2)(116> 2 + 110 + 3) + 2 12 z 8 (0 + l) 4 



102 




104 



3 n / x 2 / . , 

n\ v— \ n\ n + k 



fc=0 v 7 fc=0 




D = 9 4 - z(730 4 + 200(9 3 + 160<9 2 + 606* + 9) 
TU3| - z 2 (7380 4 - 14760 3 - 52740 2 - 38160 - 918) 

+ z 3 (66420 4 + 398520 3 + 322380 2 + 58320 - 1458) 
+ 3 6 z 4 (730 4 + 920 3 - 2(9 2 - 480 - 18) - 3 lo z 5 (0 + l) 4 



D = 4 - z(lO0 2 + 100 + 3)(70 2 + 70 + 2) 
- z 2 (710 4 + 11480 3 + 15910 2 + 8860 + 192) 

3 2 z 3 (7O0 4 - 42O0 3 - 12890 2 - 9630 - 240) 
3 2 z 4 (1430 4 + 2860 3 - 11380 2 - 12810 - 414) 
3 4 z 5 (7O0 4 + 7OO0 3 + 3910 2 - 750 - 76) 
3 4 z 6 (-710 4 + 8640 3 + 14270 2 + 8640 + 180) 
3 6 z 7 (lO0 2 + 100 + 3)(70 2 + 70 + 2) + 2 12 ■ 3 8 z 8 (0 + l) 4 



2 4 



2 6 
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^E(;)'i(;)'C 

fc=0 v 7 fc=Q \ / \ / 



D = 4 - 4z(30 2 + 30 + 1)(70 2 + 70 + 1) 
+ 2 5 z 2 (450 4 + 840 3 + 1170 2 + 660 + 12) 
- 2 lo z 3 (210 4 - 1260 3 - 3860 2 - 2910 - 76) 
+ 2 14 z 4 (370 4 + 740 3 + 5O0 2 + 130 + 6) 
+ 2 18 z 5 (210 4 + 21O0 3 + 1180 2 - 190 - 24) 
+ 3 • 2 21 z 6 (150 4 + 320 3 + 450 2 + 320 + 8) 
+ 2 26 z 7 (30 2 + 30 + 1)(70 + 70 + 2) + 2 32 z 8 (0 + l) 4 



k=0 v 7 fc=0 v 7 v 7 v 
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# 


differential operator D and coefficients A n , n = 0, 1, 2, . . . 




D = 9 A - 4z(30 2 + 2,9 + 1)(116» 2 + 119 + 3) 




+ 2 4 z 2 (2410 4 + 9406> 3 + 13036* 2 + 7266* + 145) 


106 


- 2 7 z 3 (330 4 - 1980 3 - 6076> 2 - 4566> - 117) 


+ 2 lo z 4 (2390 4 + 4786> 3 - 3220 2 - 5616* - 169) 

+ 2 12 z 5 (330 4 + 33O0 3 + 1856* 2 - 320 - 37) 

+ 2 14 z 6 (2410 4 + 240 3 - 710 2 + 240 + 23) 

+ 2 17 z 7 (30 2 + 39+ 1)(110 2 + 1161 + 3) + 2 20 z 8 (9 + l) 4 




fn\ 2 fn + k\ /n\ /2k\ (2n - 2k\ 

"•■£(»)( * )•£(*)(*)(-*) 




D = 4 - 2 4 z(30 4 + 180 3 + 150 2 + 661 + 1) 


107 


- 2 9 z 2 (50 4 - 1O0 3 - 450 2 - 346> - 9) 
+ 2 14 z 3 (50 4 + 3O0 3 + 150 2 - 66* - 5) 

TCI A , „A „ n „n „ , rir: C , „ .A 

+ 2 19 z 4 (30 4 - 60 3 - 216> 2 - 186* - 5) - 2 25 z 5 (9 + l) 4 




-{£(:)©C::f)} 2 




D = 4 - 2z(60 4 + 106" 3 + 109 2 + 50 + 1) 




+ 2 2 z 2 (466710 4 + 1866740 3 + 2385390 2 + 1037350 + 14416) 


108 


- 2 3 z 3 (9 + 1)(1866440 3 + 8398880 2 + 12235446* + 575489) 
+ 2 4 z 4 (0 + 1)(0 + 2)(2799510 2 + 11197880 + 1124983) 

- 2 6 z 5 (9 + 1)(0 + 2)(0 + 3)(933150 + 233287) 
+ 2 6 • 13 • 37 • 97z 6 (0 + 1)(0 + 2)(0 + 3)(0 + 4) 




^ ^ fe n 2k ( n\( (6fc)! ^ 2 
An ~Y 1} 2 UJ U(2fc)!(3fc)! J 




D = 490 4 - 2 • 3z(89O40 4 + 175560 3 + 124530 2 + 36756* + 392) 


109 


+ 2 2 • 3z 2 (437O40 4 + 38O880 3 - 257570 2 - 206080 - 3360) 

- 2 4 • 3 3 z 3 (27360 4 - 15120 3 - 16720 2 - 3570 - 14) 

- 2 6 • 3 5 z 4 (20 + 1) 2 (30 + 1)(30 + 2) 






110 


D = 9 4 - 12z(30 + 1)(30 + 2)(80 2 + 80 + 3) 
+ 23O4z 2 (30 + 1)(30 + 2)(30 + 4) (30 + 5) 




A«= {3 t±± n - k ( 2k Y( 2n ~l k ) 

nP \k J \ n-k J 


111 


D = 9 4 - 16z(20 + 1) 2 (80 2 + 80 + 3) 
+ 4O96z 2 (20 + l) 2 (20 + 3) 2 
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# 


differential operator D and coefficients A n , n = 0, 1, 2, . . . 


112 


D = 9 4 - 48z(60 + 1)(60 + 5)(80 2 + 89 + 3) 
+ 36864z 2 (60 + I) (66 + 5) (60 + 7) (60 + 11) 




a (H! A fe /2fc\V2n-2/c\ 
" n!(2n)!(3n)! ^ ^fcyV™-^/ 




£) = 4 - z(lO0 2 + 100 + 3)(110 2 + 110 + 3) 




+ z 2 (lO250 4 + 39920 3 + 55330 2 + 30820 + 615) 


113 


+ 3 2 z 3 (-llO0 4 + 66O0 3 + 2O270 2 + 15090 + 369) 


+ 3 2 z 4 (2O320 4 + 4O640 3 - 27260 2 - 47580 - 1431) 

+ 3 4 z 5 (llO0 4 + 11OO0 3 + 6130 2 - 1250 - 117) 

+ 3 4 z 6 (lO250 4 + 1O80 3 - 2930 2 + 1080 + 99) 

+ 3 6 z 7 (lO0 2 + 100 + 3)(110 2 + 110 + 3) + 3 8 z 8 (0 + l) 4 








D = 4 - 4z(70 2 + 70 + 2)(80 2 + 80 + 3) 




+ 2 7 z 2 (980 4 + 2OO0 3 + 2740 2 + 1480 + 23) 


114 


+ 2 13 z 3 (-560 4 + 3360 3 + 1O270 2 + 7830 + 216) 


+ 2 19 z 4 (820 4 + 1640 3 + 840 2 + 20 + 11) 

+ 2 2 V(560 4 + 56O0 3 + 3170 2 - 390 - 68) 

+ 2 29 z 6 (980 4 + 1920 3 + 2620 2 + 1920 + 47) 

+ 2 3 V(70 2 + 70 + 2)(80 2 + 80 + 3) + 2 44 z 8 (0 + l) 4 




fe=0 v 7 fc=0 V / \ / 




D = 4 - 2 4 z(160 4 + 1280 3 + 1120 2 + 480 + 9) 


m 


+ 2 12 z 2 (-320 4 + 640 3 + 3O40 2 + 2400 + 71) 

+ 2 2O z 3 (320 4 + 1920 3 + 8O0 2 - 480 - 39) 

+ 2 28 z 4 (160 4 - 640 3 - 1760 2 - 1440 - 39) - 2 4o z 5 (0 + l) 4 




^{E-i?) 2 ( 2 ::f)} 3 

^-k=Q \ / \ n / ) 




D = 4 - 2 5 z(lO0 4 + 260 3 + 2O0 2 + 70 + 1) 




+ 2 8 z 2 (520 4 + 4720 3 + 8320 2 + 4920 + 103) 


+ 2 16 z 3 (140 4 + 120 3 - 960 2 - 1050 - 29) 

- 2 18 z 4 (20 + 1)(560 3 + 4680 2 + 6460 + 249) 

- 2 2 V(20 + 1)(20 + 3)(40 + 3)(40 + 5) 




M:)£ 4 "ii)t:0(?)er 
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# differential operator D and coefficients A n , n = 0, 1, 2, . . . 

D = 3 2 4 + 12z(2560 4 + 1766* 3 + 1330 2 + 450 + 6) 
+ 2 7 z 2 (25880 4 + 195 26* 3 + 5840 2 + 150 - 15) 
+ 2 12 z 3 (31830 4 + 24660 3 + 18O10 2 + 7110 + 111) 
+ 2 17 • 7z 4 (1340 4 + 25O0 3 + 18O0 2 + 550 + 5) 

- 2 22 -7 2 z 5 (0 + l) 4 

a formula for A n is not known 

D = 4 - z(4650 4 + 5940 3 + 4310 2 + 1340 + 16) 
I TT3| + 2 4 z 2 (26250 4 + 19110 3 - 9460 2 - 8840 - 176) 

+ 2 6 z 3 (-161O50 4 + 36240 3 + 52410 2 + 12840 + 36) 
- 2 11 ■ 7z 4 (1550 4 + 3340 3 + 3O60 2 + 1390 + 26) + 2 16 ■ 7 2 z 5 (0 + l) 4 

-5 /r,; \ 5 /r, r,, \ 5 



119 



-,, v — / ii \ f2k\ {2n — 2k 

A n = 2 511 2^ 



k=0 



n 

kj \k 



D = 9d 4 - 12z(2560 4 + 32O0 3 + 2710 2 + 1110 + 18) 
+ 2 7 z 2 (31O40 4 + 7O4O0 3 + 8O120 2 + 44520 + 927) 

- 2 15 z 3 (7520 4 + 23O40 3 + 3O420 2 + 18540 + 405) 
+ 2 21 z 4 (20 + 1)(1760 3 + 5520 2 + 6220 + 231) 

- 2 31 z 5 (0 + 1) 2 (20 + 1)(20 + 3) 



120 



_y>/n\ (4&)! (4n-4fc)! 
n ~^\k) fc! 2 (2fc)! (n~k)\ 2 (2n-2k)\ 2 



D = 4 - 4z(80 2 + 80 + 3)(1O0 2 + 100 + 3) 
+ 2 4 z 2 (16OO0 4 + 81280 3 + 114O80 2 + 65600 + 1473) 
+ 2 10 • 3 2 z 3 (8O0 4 - 48O0 3 - 14660 2 - 11220 - 315) 

3 2 z 4 (17440 4 + 34880 3 - 42560 2 - 60000 - 2079) 
3 4 z 5 (8O0 4 + 8OO0 3 4- 4540 2 - 500 - 99) 
3 4 z 6 (16OO0 4 - 17280 3 - 33760 2 - 17280 - 207) 
3 6 z 7 (80 2 + 80 + 3)(1O0 2 + 100 + 3) + 2 32 • 3 8 z 8 (0 + l) 4 



2 13 

2 



2 

■>18 



2 



20 



_ 2 26 
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fc=o \ / \ / fc =0 v / v . 



D = 4 - 4z(80 2 + 80 + 3)(110 2 + 110 + 3) 
+ 2 4 z 2 (19360 4 + 75520 3 + 1O4640 2 + 58240 + 1159) 
+ 2 lo z 3 (-880 4 + 5280 3 + 16150 2 + 12270 + 333) 
+ 2 13 z 4 (192O0 4 + 384O0 3 - 25920 2 - 45120 - 1353) 
+ 2 18 z 5 (880 4 + 88O0 3 + 4970 2 - 670 - 105) 
+ 2 2O z 6 (19360 4 + 1920 3 - 5760 2 + 1920 + 183) 
+ 2 26 z 7 (80 2 + 80 + 3)(110 2 + 110 + 3) + 2 3O z 8 (0 + l) 4 



44 



122 



# differential operator D and coefficients A n , n = 0, 1, 2, . . 

D = 6 i — 2 4 z(30 2 + 30 + 1)(80 2 + 80 + 3) 
+ 2V(720 4 + 48O0 3 + 6806* 2 + 4000 + 97) 
+ 2 17 z 3 (240 4 - 1440 3 - 4390 2 - 339(9 - 99) 
+ 2 2 V(-880 4 - 1760 3 + 32O0 2 + 408(9 + 151) 
+ 2 3O z 5 (240 4 + 24O0 3 + 1370 2 - 110 - 31) 
+ 2 35 ;z 6 (720 4 - 1920 3 - 3280 2 - 1920 - 31) 
- 2 4 V(30 2 + 30 + 1)(80 2 + 80 + 3) + 2 52 z 8 (0 + l) 4 

^-g(:)(t)( 2 ::f)-|:^(T) 2 ( 2 ::r 

D = 4 - 4z(30 2 + 30 + 1)(1O0 2 + 100 + 3) 
+ 2 4 z 2 (2O90 4 + 1O520 3 + 14710 2 + 8380 + 183) 
+ 2 7 • 3 2 z 3 (3O0 4 - 18O0 3 - 5510 2 - 4170 - 111) 

- 2 10 • 3 2 z 4 (2270 4 + 4540 3 - 55O0 2 - 7770 - 261) 
+ 2 12 • 3 4 z 5 (3O0 4 + 3OO0 3 + 1690 2 - 250 - 35) 
+ 2 14 • 3 4 z 6 (2O90 4 - 2160 3 - 4310 2 - 2160 - 27) 

- 2 17 • 3 6 z 7 (30 2 + 30 + 1)(1O0 2 + 100 + 3) + 2 20 • 3 8 z 8 (0 + l) 4 



123 



125 



n + k\ 2 /2k\ _ k /n\ 2 /2k 



. k J V k J V k J V k 

k=0 v / \ / k=0 



D = 61 2 4 - 61z(3O290 4 + 55720 3 + 46770 2 + 18910 + 305) 
1 24 + z 2 (12152150 4 + 34281320 3 + 42672280 2 + 25726750 + 611586) 
- 3 4 z 3 (3937O0 4 + 14O1780 3 + 2O68O70 2 + 1421910 + 37332) 
+ 3 8 z 4 (5660 4 + 223O0 3 + 33560 2 + 22410 + 558) - 3 13 z 5 (0 + l) 4 

fn\ 2 M fk\ fk + l\ (In- k-l 

A " = gU) (')(■)( * )( 

D = 4 - z(116690 4 + 233380 3 + 158860 2 + 42170 + 361) 
+ z 2 (0 + 1) 2 (46660 2 + 933320 + 55095) 

- z 3 (0 + 1)(0 + 2)(699940 2 + 2099820 + 167533) 
+ 46661z 4 (0 + 1)(0 + 2) 2 (0 + 3) 

- 11665z 5 (0 + 1)(0 + 2)(0 + 3)(0 + 4) 



k=0 



i — n V / 



fc! 4 (2fc) 
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# 


differential operator D and coefficients A n , n = 0, 1, 2, . . . 


126 


D = 6 4 - z(1866560 4 + 466760 3 + 84340 2 - 149046* - 7813) 
+ z 2 (13O659199360 4 + 65351997920 3 + 14536431980 2 

- 1059907486*+ 1115889227) 

- z 3 (4O6553346O392960 4 + 3O5O717916O94O80 3 + 8O614299O417120 2 
+ 3033509827038861- 5908917544614) 

+ z 4 (47465O92698397O96960 4 + 4751387282863861504(9 3 
+ 14556126858O32816960 2 + 1323302436791383840 

- 845722995408775) 

- 2 4 • 5 • 2333z 5 (40 - 1)(1O16383365O98240 3 + 228725452667O880 2 
+ 1934627026093486'+ 59317557294355) 

4- 2 5 • 5 2 • 2333 2 z 6 ('40 — 1 )(A0 4- 3V65329599680 2 
+ 163335198326*+ 11222488415) 

- 2 s • 5 3 • 2333V (40 - 1)(40 + 3) (40 + 7)(466640 + 81665) 
+ 2 s • 5 4 • 2333 4 z 8 (40 - 1){A6 + 3) (40 + 7) (40 + 11) 


same K(q) as in #82 
the pullback of the 5th-order differential equation D'y = 0, where 


D' = 5 - 2z(20 + 1)(116690 4 + 233380 3 + 158860 2 + 42170 + 361) 
+ 4z 2 (0 + 1)(20 + 1)(20 + 3)(46660 2 + 933320 + 55095) 

- oz (2a + 1J (Za + 6){Za + D)(oyyy4t' + zUyyozf + lb l ooo) 
+ 746576z 4 (0 + 2) (20 + 1)(20 + 3)(20 + 5)(20 + 7) 

- 37328Oz 5 (20 + 1)(20 + 3) (20 + 5) (20 + 7) (20 + 9) 


(2n\ " fn\ (6k)l 
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# 


differential operator D and coefficients A n , n = 0, 1, 2, . . . 


127 


D = 4 - z(18664O0 4 + 466606* 3 + 843O0 2 - 149006* - 7811) 
+ z 2 (13O6368OO960 4 + 653184OO480 3 + 14525827740 2 
- 10515094861+ 1116311607) 

- z 3 (4O6448815694O8O0 4 + 3O483661177O56O0 3 + 8O52281914536O0 2 
+ 3039997691634061- 5858109970482) 

+ z 4 (4744882429422797O560 4 + 4744882429422797O560 3 
+ 14524777266725837766 12 + 1348070946437952160 
+ 727318797282433) 

- 2 7 • 3 2 z 5 (658447O814244O96O0 4 + 823058851780512000 s 

+ 571627422712188OO0 2 + 3314951111020248061+ 9595488553244821) 
+ 2 12 • 3 8 z 6 (1693O5294O44160 4 + 253957941O66240 3 + 21O4535344O8960 2 
4- 86408601 200646 1 — 51 41 38329761 1 

- 2 19 • 3 14 z 7 (48377O88O0 4 + 846599O4O0 3 + 692O4888O0 2 
+ 18225396061+ 22046293) 

+ 2 24 • 3 22 z 8 (40 + 1)(40 + 3) (126> + 5) (120 + 7) 


same K(q) as in #82 
the pullback of the 5th-order differential equation D'y = 0, where 


D' = 5 + z(466760 5 + 11665O0 4 + 11O18O0 3 + 4862O0 2 + 98740 + 722) 

- z 2 (933280 s + 279952O0 4 + 4O6972O0 3 + 396596O0 2 
+ 24523400 + 678212) 

+ z 3 (74656OO0 5 + 2612832O0 4 + 4562O64O0 3 + 472788OO0 2 
+ 242064000 + 3155112) 

- 2 4 z 4 (186632O0 5 + 746512O0 4 + 142O436O0 3 + 143O792O0 2 
+ 66348250 + 1290242) 

+ 2 z (18662720 + 83981600 + 165370400 + 160963600 
+ 77040100+ 1451521) 

- 46O8z 6 (0 + 1)(30 + 2)(30 + 4)(60 + 5)(60 + 7) 


A /2n-2fc\ (6fc)! 

k=0 v 7 


128 


D = 4 - z(31450 4 + 62820 3 + 44O30 2 + 12620 + 122) 
+ 4z 2 (20 + 1)(627O0 3 + 188O40 2 + 200580 + 7523) 

- 8z 3 (20 + 1)(20 + 3)(93950 2 + 281810 + 22544) 
+ 16z 4 (20 + 1)(20 + 3)(20 + 5)(626O0 + 2519) 

- 5OO64z 5 (20 + 1)(20 + 3)(20 + 5)(20 + 7) 


same K(q) as in #1 


(2n\^(n\ (5k)\ 
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# 


differential operator D and coefficients A n , n = 0, 1, 2, . . . 


129 


D = 6> 4 - 2 • 3z6>(46* + 1)(66* 2 + 1) + 2 2 • 3(3z) 2 6>(926* 3 + 466* 2 + 336* + 9) 

- 2 4 (3z) 3 6*(10126» 3 + 7596* 2 + 5836* + 171) 

+ 2 4 • 7(3z) 4 6*(15186» 3 + 15186* 2 + 12436* + 388) 

- 2 5 • 3 • 7(3z) 5 6>(20246* 3 + 25306* 2 + 2200(9 + 725) 

+ 2 5 (3z) 6 (2692006* 4 + 4038006* 3 + 3716156* 2 + 1283406* - 434) 

- 2 6 (3z) 7 (6923526> 4 + 12116166* 3 + 11765286* 2 + 4224996* - 6076) 

+ 2 7 (3z) 8 (14721666* 4 + 29443326> 3 + 30085746* 2 + 11139936* - 39494) 

- 2 8 (3z) 9 (26215366* 4 + 58984566» 3 + 63269766* 2 + 23953116 1 - 157976) 
+ 2 9 • 7(3z) 10 (5638566» 4 + 14096406* 3 + 15838006* 2 + 6085756* - 62062) 

- 2 10 • 7(3z) n (7229766> 4 + 19881846* 3 + 2335176<9 2 + 9061296*- 124124) 
+ 2 8 (3z) 12 (444546886* 4 + 1333640646 13 + 1634480326* 2 

+ 639495366*- 10415783) 

- 2 12 (3z) 13 (52470246» 4 + 170528286 13 + 217709566* 2 
+ 86118226*- 1478855) 

+ 2 12 (3z) 14 (85467366> 4 + 299135766* 3 + 397187166* 2 
+ 159916266*- 2532173) 

- 2 14 (3z) 15 (30066086» 4 + 112747806* 3 + 155461006* 2 
+ 642988561 - 794437) 

+ 2 13 (3z) 16 (73077846> 4 + 292311366 13 + 417944646* 2 
+ 179198766*- 1365581) 

- 2 16 (3z) 17 (9563046* 4 + 40642926* 3 + 60176166 12 + 26913336* - 83545) 
+ 2 17 (3z) 18 (4288006> 4 + 19296006* 3 + 29547156* 2 + 13806906* - 2429) 

- 2 18 (3z) 19 (163104(9 4 + 7747446» 3 + 12254446* 2 + 5966296* + 4256) 
+ 2 16 (3z) 20 (4 1 43 366» 4 + 20716806* 3 + 33811206* 2 + 17049606* + 5957) 

- 2 21 (3z) 21 6*(66886* 3 + 351126* 2 + 590686* + 30597) 
+ 2 23 (3z) 22 6>(6» + 1)(6726* 2 + 30246* + 3379) 

- 2 27 • 3(3z) 23 6*(6* + 1)(6* + 2)(46> + 11) + 2 28 (3z) 24 6*(6* + 1)(6* + 2)(6* + 3) 


the pullback of the 5th-order differential equation D'y = 0, where 


D' = 6* 5 - 6z8(9 2 + 6 + 1)(36* 2 + 36* + 1) 
+ {<ozf{6 + 1)(156* 4 + 606* 3 + 1056* 2 + 906* + 31) 

- 10(6z) 3 (6> + 1)(6* + 2) (26 + 3)(6* 2 + 36* + 3) 

i k (a. (a i i o\( a i o\(^tcfi i 10/3 1 iqA 
+ d(dz) [a + \-)(v + Z)(u + o)(ou + IZu + loj 

- 3(6z) 5 (8 + l)(6 + 2)(6 + 3)(0 + A)(26 + 5) 
+ 2(6zf(8 + 1)(6 + 2)(6 + 3)(0 + 4)(6 + 5) 


k=0 v 7 
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# 


differential operator D and coefficients A n , n = 0, 1, 2, . . . 


130 


D = 6> 4 - z(2246* 4 + 566» 3 + 286> 2 - 3) 
+ z 2 (219526* 4 + 109766* 3 + 59986> 2 + 10206* + 261) 

- z 3 (12385286* 4 + 9288966» 3 + 5512806* 2 + 1398006* + 29316) 

+ z 4 (445742086* 4 + 445742086* 3 + 28575OO80 2 + 84154560 + 1270689) 

- 2 4 z 5 (670100486* 4 + 837625606* 3 + 577329926* 2 + 183303366* + 2276415) 
+ 2 5 z 6 (5490928646 )4 + 8236392966» 3 + 6078867366* 2 

+ 2023474566* + 21851403) 

- 2 8 z 7 (7675028486* 4 + 13431299846* 3 + 10577670886* 2 
+ 3639496566* + 34797501) 

+ 2 8 z 8 (57784814086* 4 + 115569628166* 3 + 96820369606* 2 
+ 34325534406* + 350349201) 

- 2 13 • 3 2 z 9 (988328966* 4 + 2223740166* 3 + 1976144166* 2 
+ 730724726* + 9376113) 

+ 2 16 • 3 4 z 10 (42040326» 4 + 105100806* 3 + 98779526* 2 + 38749766* + 592815; 

- 2 21 • 3 6 z n (46> + 1)(62726> 3 + 156806* 2 + 131726* + 3783) 
+ 2 24 • 3V 2 (46* + 1)(46* + 3) 2 (46> + 5) 


the pullback of the 5th-order differential equation D'y = 0, where 


D' = 9 5 - 2z(26> + 1)(146* 4 + 286* 3 + 286* 2 + 146* + 3) 
+ 4z 2 (6* + 1) 3 (1966* 2 + 3926* + 255) - 1152z 3 (6* + 1) 2 (6* + 2) 2 (26* + 3) 


i'- v ( nl V 

^ \i\j\k\l\m\s\ 

i+j+k+l+m+s=n x J ' 
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# 


differential operator D and coefficients A n , n = 0, 1, 2, . . . 


131 


D = 6 i - 5z0(240 3 + 60 2 + 46* + 1) + • • • 
+ 3 4 -5 24 z 24 0(0 + l)(0 + 2)(0 + 4) 




the pullback of the 5th-order differential equation D'y = 0, where 




D' = 8 5 — 5z(20 + 1)(0 2 + 9 + 1)(30 2 +30 + 1) 
+ 5 2 z 2 (0 + 1)(150 4 + 6O0 3 + 1O50 2 + 900 + 31) 

- 2 • 5 4 z 3 (0 + 1)(0 + 2)(20 + 3)(0 2 + 30 + 3) 
+ 5 z (0 + 1)(0 + 2)(0 + 3)(30 + 120+ 12) 

- 5 5 z 5 (0 + 1)(0 + 2)(0 + 3)(0 + 4)(20 + 5) 

- 3 • 5 6 (0 4- 1 "I (0 4- 21 (0 4- 31 (0 4- 41 (0 4- 51 




n /ok\ / *i \ fp;t»M 

<-E(-^Cf)(«)^ 


132 


D = 6 4 - 5z(8O0 4 + 2O0 3 + 1O0 2 - 1) + • ■ ■ 
+ 2 30 • 5 2O z 16 0(0 + 2)(20 + 1)(20 + 3) 




the pullback of the 5th-order differential equation D'y = 0, where 




D' = 5 - 10^(20 + 1)(50 4 + 1O0 3 + 1O0 2 + 50 + 1) 

~T DUUZ (u -\- l){Zu -j- l)[Zu -\- o)(Zu + 4(7 + o J 

- 5OOOz 3 (20 + 1)(20 + 3)(20 + 5)(20 2 + 60 + 5) 
+ 5OOOOz 4 (0 + 2) (20 + 1)(20 + 3) (20 + 5) (20 + 7) 






cases # 133 -143 are described in yQ, Section 7 
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# 


differential operator D and coefficients A n , n = 0, 1, 2, . . . 


144 


D = 4 - z(730 4 + 5780 3 + 4930 2 + 2046* + 36) 
+ 2 3 • 3 2 z 2 (-1450 4 + 2906> 3 + 13870 2 + 10726> + 300) 
+ 2 6 • 3 4 z 3 (1450 4 + 87O0 3 + 3530 2 - 2520 - 180) 
- 2 9 • 3 6 z 4 (-730 4 + 2866> 3 + 8O30 2 + 6606* + 180) - 2 15 • 3 lo z 5 (0 + l) 4 




OC 

A n z n = (g) * (g) (see Q, Section 7) 

n=0 


145 


D = 4 - 3 2 z(810 4 + 6486> 3 + 5760 2 + 2526* + 49) 
+ 2 • 3 8 ;z 2 (-810 4 + 1626> 3 + 7650 2 + 6120 + 187) 
+ 2 • 3 14 z 3 (810 4 + 4860 3 + 2O70 2 - 1086> - 97) 
+ 3 2O z 4 (810 4 - 3246» 3 - 8820 2 - 7200 - 194) - 3 3O z 5 (0 + l) 4 




OO 

^ A n z n = (h) * (h) (see P, Section 7) 


146 


D = 4 - 4z(56» 4 + 1O0 3 + 1O0 2 + 59+1) 
+ 8Oz 2 (0 + 1) 2 (26» 2 + 46» + 3) - 32Oz 3 (0 + 1)(0 + 2)(20 2 + 69 + 5) 
+ 23O4z 4 (0 + 1)(0 + 2) 2 (0 + 3) - 512Oz 5 (0 + 1)(0 + 2){9 + 3)(0 + 4) 




-A *u{2k\ ( n \ (4fc)! 

fe=0 \ / \ / 


147 


D = 9 4 - 8z(29 + 1) 2 (20 2 + 29 + 1) 
+ 64z 2 (20 + 1){29 + 3)(60 2 + 126* + 7) 
- lO24z 3 (20 + 1)(20 + 3) 2 (20 + 5) 
+ 8192z 4 (20 + 1)(20 + 3) (20 + 5) (20 + 7) 




V n J tr \ 4fc / kl 


148 


D = 9 4 — 5z(50 4 + 1O0 3 + 1O0 2 + 50 + 1) + 125z 2 (0 + 1) 2 (20 2 + 40 + 3) 
- 625z 3 (0 + 1)(0 + 2)(20 2 + 60 + 5) - 3125z 4 (0 + 1)(0 + 2) 2 (0 + 3) 




A,=x>i)v-( 5 ;)<p 
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149 



# differential operator D and coefficients A n , n = 0, 1, 2, . . . 

D = 4 - 2 2 3z(48960 4 + 12240 3 + 2650 2 - 3476* - 186) 
+ 2 6 3 4 z 2 (24984O0 4 + 12492O0 3 + 322550 2 + 16196* + 21824) 

- 2 lo 3 7 z 3 (56744640 4 + 42558480 3 + 12765O90 2 + 5198976* - 79028) 
+ 2 14 3 lo z 4 (486O77O40 4 + 486O77O4O0 3 + 16615OO30 2 

+ 217889561 + 94752) 

- 2 18 3 13 z 5 (56744640 4 + 7O93O8O0 3 + 28921550 2 - 3695536* - 546818) 
+ 2 22 3 16 z 6 (24984O0 4 + 3747606* 3 + 1745250 2 + 16896> + 14384) 

- 2 26 3 19 z 7 0(48960 3 + 85680 3 + 44476* + 595) 

+ 2 3O 3 22 z 8 0(0 + 1)(66> + 1)(66> + 5) 

the pullback of the 5th-order differential equation D'y — 0, where 

D' = 5 - 12z(20 + 1)(66» + I) (60 + 5)(170 2 + 170 + 5) 
+ 144z 2 (0 + 1)(60 + 1)(60 + 5) (60 + 7) (60 + 11) 



150 



(6n)l f n\ 2 I n + k^ 2 



n!(2n)!(3n)! ^ 



D = 4 - 2 2 z(2240 4 + 560 3 + 190 2 - 90 - 6) 
+ 2 6 z 2 (6OOO0 4 + 3OOO0 3 + 11390 2 - 5370 - 420) 

- 2 lo z 3 (983360 4 + 737520 3 + 31OO70 2 - 54690 + 1524) 

+ 2 14 z 4 (lO731760 4 + 1O731760 3 + 495O550 2 + 348510 + 112248) 

- 2 18 3 4 z 5 (983360 4 + 12292O0 3 + 617370 2 + 131730 + 6210) 
+ 2 18 3 8 z 6 (96OOO0 4 + 144OOO0 3 + 782240 2 + 197920 - 576) 

- 2 26 3 12 z 7 0(2240 3 + 3920 2 + 2290 + 49) + 2 3O 3 16 z 8 0(0 + 1)(20 + l) 2 



the pullback of the 5th-order differential equation D'y = 0, where 
D' = 5 - 4z(20 + 1) 3 (70 2 + 70 + 3) + 1296z 2 (0 + 1)(20 + 1) 2 (20 + 3) 2 



A: = M 2 f(-ii^f n V n+fe ^ 



<— ' \3k) V k J k\ 3 

k=0 ' " 
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151 



# differential operator D and coefficients A n , n = 0, 1, 2, . . . 

D = 4 - 3z(5046* 4 + 1266* 3 + 416* 2 - 226* - 14) 
+ 3 2 z 2 (1215006* 4 + 607506* 3 + 222216* 2 - 11790(9 - 8762) 

- 3 5 z 3 (19913046* 4 + 14934786* 3 + 6071496* 2 - 1335066* + 26716) 
+ 3 8 z 4 (217318146* 4 + 217318146* 3 + 97230336* 2 + 3781266* + 2244916) 

- 3 15 z 5 (19913046» 4 + 248913O0 3 + 12156036* 2 + 2301666* + 125122) 
+ 3 22 z 6 (1215006> 4 + 1822506* 3 + 964716* 2 + 224466* - 698) 

- 3 3 V6>(5046* 3 + 8826> 2 + 5036* + 98) + 3 38 z 8 6>(6* + 1)(36* + 1)(36* + 2) 

the pullback of the 5th-order differential equation D'y = 0, where 

D' = 6> 5 - 3z(26* + 1)(36> + I) (36 + 2)(76* 2 + 76* + 3) 
+ 729z 2 (6* + I) (30 + 1)(36* + 2) (36 + 4) (30 + 5) 

_(3n)!^ ^ n - 3k (n\fn + k\(3k)\ 
~ ~nP~ l > 6 UJl k Jltf~ 

k^0 V / \ 7 

D = 4 - 2 2 z(8966* 4 + 2246* 3 + 696* 2 - 436* - 26) 
+ 2 7 z 2 (480006» 4 + 240006* 3 + 83626* 2 - 51106* - 3589) 

- 2 14 z 3 (3933446» 4 + 2950086* 3 + 1148096* 2 - 319916* + 4246) 
I TBl) + 2 20 z 4 (42927046» 4 + 42927O40 3 + 18460736* 2 - 61996* + 436401) 

- 2 26 3 4 z 5 (3933446* 4 + 4916806* 3 + 2315836* 2 + 364316* + 24552) 
+ 2 31 3 8 z 6 (480006» 4 + 720006* 3 + 368626* 2 + 75826* - 261) 

- 2 38 3 12 z 7 6»(8966) 3 + 15686* 2 + 8676* + 147) 

+ 2 44 3 16 z 8 6>(6> + 1)(46> + 1)(46* + 3) 

the pullback of the 5th-order differential equation D'y = 0, where 

D' = 6* 5 - 4z(26* + 1)(46* + 1)(46> + 3)(76* 2 + 76* + 3) 
+ 1296z 2 (0 + 1)(46* + 1)(46> + 3)(46* + 5) (40 + 7) 

(An)\ " k 3k fn\fn + k\(3ky. 
n n! 2 (2n)! ^ \3 k ) V * / k\ 3 
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# differential operator D and coefficients A n , n = 0, 1, 2, . . . 

D = 4 - 2 2 • 3z(2O160 4 + 5046> 3 + 1430 2 - 1096* - 62) 
+ 2 6 3 2 z 2 (486OOO0 4 + 243OOO0 3 + 78759(9 2 - 581496" - 38156) 

- 2 lo 3 5 z 3 (79652160 4 + 59739120 3 + 21796830 2 - 8071296* + 56452) 
+ 2 14 3 8 z 4 (869272560 4 + 869272566 13 + 352701636 12 

- 241877761 + 8633800) 

- 2 18 3 15 z 5 (79652160 4 + 995652O0 3 + 44475576 12 + 4816170 + 492250) 
+ 2 22 3 21 z 6 (1458OOO0 4 + 21870006* 3 + 1O665270 2 + 1756356* - 7332) 
_ 2 26 3 31 z 7 0(2O160 3 + 35280 2 + 18656* + 245) 

+ 2 3O 3 38 z 8 0(0 + 1)(66> + 1)(60 + 5) 

the pullback of the 5th-order differential equation D'y — 0, where 

D' = s - 12z(20 + 1)(60 + 1)(60 + 5)(70 2 + 70 + 3) 
+ 11664z 2 (0 + 1)(60 + 1)(60 + 5) (60 + 7) (60 + 11) 

, (6n)! yv, Nfco«-3fc ( n\fn + k\ (3fc)! 

n n!(2n)!(3n)! ^ [ ' \^)\ k J k! 3 



, (6n)! v\_ , Nfco«-3fe ( n\fn + k\ (3fc)! 

n n!(2n)!(3n)! £-< [ ' \^)\ k J k\ 3 

D = 9 4 + 2 2 3z(360 4 - 1440 3 - 990 2 - 270 - 3) 
+ 2 4 3 5 z 2 (3120 2 + 1560 + 25) 

+ 2 lo 3 8 z 3 (120 4 + 720 3 + 570 2 + 180 + 2) + 2 12 3 12 z 4 (20 + 1 

v 7 k=0 v 7 

D = 4 - 2 4 z(2560 4 + 2O480 3 + 18560 2 + 8320 + 169) 
T55| - 2 16 z 2 (5120 4 - 1O240 3 - 48OO0 2 - 39040 - 1239) 
+ 2 28 z 3 (5120 4 + 3O720 3 + 13440 2 - 5760 - 599) 
+ 2 4O z 4 (2560 4 - 1O240 3 - 27520 2 - 22400 - 599) - 2 6O z 5 (0 + 



^i«"E.-.»'(-f)t v : 



2n 2 



156 



D = 9 4 - 6z(20 + 1) 2 (20 2 + 20 + 1) 
+ 36z 2 (20 + 1)(20 + 3)(60 2 + 120 + 7) 
- 3888z 4 (20 + 1)(20 + 3)(20 + 5)(20 + 7) 



157 



L> = 4 - 3z(50 4 + 1O0 3 + 1O0 2 + 30 + 1) + 45z 2 (0 + 1) 2 (20 2 + 40 + 3) 
+ 27z 3 (0 + 1)(0 + 2)(60 2 + 180 + 11) - 2187z 4 (0 + 1)(0 + 2) 2 (0 + 3) 
+ 3645z 5 (0 + 1)(0 + 2)(0 + 3)(0 + 4) 



n _ 3k fn\ (2k\ 2 {3k)\ 



fc=0 



3k \k kl 3 
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# differential operator D and coefficients A n , n = 0, 1, 2, . 

L> = 4 - 2 • 3z(126» 4 + 160 3 + 146> 2 + 60 + 1) 
+ 2 2 3 2 z 2 (6O0 4 + 1606> 3 + 1986* 2 + 1166* + 25) 
| THE) - 2 2 3'V(26> + 1)(1O60 3 + 2630 2 + 2316* + 86) 

- 2 4 3 4 z 4 (20 + 1)(20 + 3)(210 2 + 1786* + 249) 
+ 2 4 3 5 z 5 (20 + I) (29 + 3) (20 + 5) (1146 + 355) 

- 2 6 3 6 23z 6 (20 + 1)(20 + 3)(20 + 5)(20 + 7) 

(2n\ ^ T.kon-3k{ n\/3k\ (3fc)! 



^-£)»-^GL)(?> 



fc! 3 
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160 



D = 4 - 2 • 5z(140 4 + 160 3 + 146> 2 + 69 + 1) 
+ 2 2 5 2 z 2 (840 4 + 1926* 3 + 2260 2 + 128(9 + 27) 

- 2 4 5 3 z 3 (14O0 4 + 48O0 3 + 7106* 2 + 4800 + 114) 
+ 2 4 5 5 z 4 (20 + 1)(560 3 + 2280 2 + 3420 + 181) 

- 2 4 5 5 z 5 (20 + 1)(20 + 3)(3320 2 + 12160 + 1189) 
+ 2 7 5 6 z 6 (20 + 1)(20 + 3) (26 + 5)(260 + 57) 

- 2 8 3 ■ 5V(20 + 1)(20 + 3) (2(9 + 5)(20 + 7) 

^=( 2 ;)D-^"-"( 5 ;)(?)" 1<5fc)! 



fc! 5 



D = 4 - 3z(30 2 + 30 + 1)(70 2 + 70 + 3) 
+ 3 2 z 2 (1710 4 + 3960 3 + 5550 2 + 3180 + 64) 
+ 2 3 3 4 z 3 (-210 4 + 1260 3 + 3860 2 + 2910 + 76) 
+ 2 4 3 5 z 4 (1470 4 + 2940 3 + 1O20 2 - 450 - 14) 
+ 2 6 3 7 z 5 (210 4 + 21O0 3 + 1180 2 - 190 - 24) 
+ 2 6 3 8 z 6 (1710 4 + 2880 3 + 3930 2 + 2880 + 76) 
+ 2 9 3 lo z 7 (30 2 + 30 + 1)(70 2 + 70 + 3) + 2 12 3 12 z 8 (0 + l) 4 



161 



3 

. — * / // \ 

A 



k=0 v 7 k=0 v 7 



D = 9 4 ~ 3z(39 2 + 39 + 1)(110 2 + 110 + 3) 
+ 3 2 z 2 (3660 4 + 14280 3 + 198O0 2 + 11040 + 221) 
+ 3V(-330 4 + 1980 3 + 6O70 2 + 4560 + 117) 
+ 3 5 z 4 (7260 4 + 14520 3 - 9780 2 - 17040 - 515) 
+ 3V(330 4 + 33O0 3 + 1850 2 - 320 - 37) 
+ 3 8 z 6 (3660 4 + 360 3 - 1O80 2 + 360 + 35) 
+ 3 1( V(30 2 + 30 + 1)(110 2 + 110 + 3) + 3 12 z 8 (0 + l) 4 



A - = £ (*)'(" t k ) B- 1 )' 3 """ (m) 



55 



# differential operator D and coefficients A n , n = 0, 1, 2, . 

D = 9 A - 3z(30 2 + 30 + 1)(1O0 2 + 100 + 3) 
+ 3 3 z 2 (910 4 + 4720 3 + 6590 2 + 3740 + 81) 
+ 3 6 z 3 (3O0 4 - 18O0 3 - 5516» 2 - 4176> - 111) 
+ 3 8 z 4 (-2OO0 4 - 4OO0 3 + 5140 2 + 7140 + 237) 
+ 3 n z 5 (3O0 4 + 3006> 3 + 1690 2 - 256* - 35) 
+ 3 13 z 6 (910 4 - 1086> 3 - 2119 2 - 1086" - 15) 
- 3 16 z 7 (30 2 + 30 + 1)(1O0 2 + 100 + 3) + 3 2O z 8 (0 + l) 4 



162 



163 



164 



D = 4 - 2 2 3z(30 2 + 30 + l) 2 
+ 2 4 3 2 z 2 (210 4 + 1560 3 + 2190 2 + 1260 + 29) 
+ 2 7 3 4 z 3 (30 2 + 30 + 1)(30 2 - 210 - 35) 
+ 2 lo 3 5 z 4 (-270 4 - 540 3 + 1140 2 + 1410 + 49) 
+ 2 12 3 7 z 5 (30 2 + 30 + 1)(30 2 + 270 - 11) 
+ 2 14 3 8 z 6 (210 4 - 720 3 - 1230 2 - 720 - 13) 
- 2 17 3 lo z 7 (30 2 + 30 + l) 2 + 2 2O 3 12 z 8 (0 + l) 4 



An = v ( n ) t 2k \ ( 2n - 2k ) . ( n )m 



' / — ' \k I V k J V n — k I ^— ^ \3kl kl 3 

k=Q v 7 v 7 v 7 fc=0 



D = 4 - 2 2 3z(30 2 + 30 + 1)(80 2 + 80 + 3) 
+ 2 4 3 2 z 2 (1440 4 + 11520 3 + 16320 2 + 9600 + 235) 
+ 2 lo 3 4 z 3 (240 4 - 1440 3 - 4390 2 - 3390 - 99) 
+ 2 13 3 5 z 4 (-1920 4 - 3840 3 + 8640 2 + 10560 + 389) 
+ 2 18 3 7 z 5 (240 4 + 24O0 3 + 1370 2 - 110 - 31) 
+ 2 2O 3 8 z 6 (1440 4 - 5760 3 - 96O0 2 - 5760 - 101) 
- 2 26 3 lo z 7 (30 2 + 30 + 1)(80 2 + 80 + 3) + 2 32 3 12 z 8 (0 + l) 4 



A,= V 4- ( 2k \ ( 2n - 2fc V V(-i)^ ( n \ » 



Y— lrV 

\k J V n-k J ^ V ' \3kJ kl 3 
k=a \ / \ 7 fc=o v 7 

D = 4 - 3 2 z(30 + 1)(60 2 + 30 + 1) 

ITHH) + 3 5 z 2 (-30 4 + 60 3 + 390 2 + 3O0 + 8) 

+ 3 8 z 3 (30 4 + 180 3 - 30 2 - 180 - 8) 

- 3 n z 4 (30 + 2)(60 2 + 90 + 4) - 3 15 z 5 (0 + l) 4 



n \ (3fc)! 
3k) kl 3 



2 
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# differential operator D and coefficients A n , n = 0, 1, 2, . . . 

D = 4 - 2 4 3 2 z(12966* 4 + 103686* 3 + 96486* 2 + 44646* + 961) 
- 2 12 3 8 z 2 (25926> 4 - 51846* 3 - 240486* 2 - 200166* - 6671) 
+ 2 20 3 14 z 3 (25926* 4 + 155526* 3 + 70566* 2 - 21606* - 2927) 
+ 2 28 3 20 z 4 (12966* 4 - 51846* 3 - 136806* 2 - 110886* - 2927) 
~ 2 40 3 30 z 5 (6' + l) 4 



166 



167 



2^ 2 

/,■ : 



D = 9 A - 3z(76 )2 + 76* + 2)(186* 2 + 186* + 7) 
+ 3 2 z 2 (39696* 4 + 81006* 3 + 110256* 2 + 58506* + 832) 
+ 2 3 3 7 z 3 (-1266* 4 + 7566* 3 + 23096* 2 + 17676* + 496) 
+ 2 4 3 8 z 4 (33216> 4 + 66426* 3 + 33306* 2 + 96* + 526) 
+ 2 6 3 13 z 5 (1266* 4 + 12606* 3 + 7156* 2 - 796* - 156) 
+ 2 6 3 14 z 6 (39696* 4 + 77766> 3 + 105936* 2 + 77766* + 1876) 
+ 2 9 3 19 z 7 (76* 2 + 76* + 2)(186* 2 + 186* + 7) + 2 12 3 24 z 8 (6* + l) 4 



168 



E 



A n z n = (a) * (h) (see 0, Section 7) 



D = 6* 4 - 3z(116* 2 + 116* + 3)(186* 2 + 186* + 7) 
+ 3 2 z 2 (98016* 4 + 382326* 3 + 529656* 2 + 294666* + 5855) 
+ 3 7 z 3 (-1986» 4 + 11886* 3 + 36316* 2 + 27696* + 765) 
+ 3 8 z 4 (194406* 4 + 388806* 3 - 262626* 2 - 457026* - 13679) 
+ 3 13 z 5 (1986» 4 + 19806* 3 + 11216* 2 - 1376* - 241) 
+ 3 14 z 6 (98016* 4 + 9726* 3 - 29256* 2 + 9726* + 923) 
+ 3 19 z 7 (116> 2 + 116* + 3)(186* 2 + 186* + 7) + 3 24 z 8 (6* + l) 4 



E 

n=0 



A n z n = (b) * (h) (see 0, Section 7) 
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# differential operator D and coefficients A n , n = 0, 1, 2, . . . 

D = 9 4 - 3z(106» 2 + 106» + 3)(186> 2 + 186* + 7) 
+ 3 4 z 2 (9006» 2 + 45926> 3 + 64266> 2 + 37086* + 841) 
+ 3 9 z 3 (1806» 4 - 10806* 3 - 32966> 2 - 25326* - 723) 
+ 3 12 z 4 (-19626* 4 - 39246> 3 + 47706* 2 + 67326* + 2359) 
+ 3 17 z 5 (1806* 4 + 18006* 3 + 10246* 2 - 1006* - 227) 
+ 3 20 z 6 (9006» 4 - 9726* 3 - 18906* 2 - 9726* - 113) 
- 3 25 z 7 (106> 2 + 106* + 3)(186» 2 + 186* + 7) + 3 32 z 8 (6» + l) 4 



169 



170 



E 

n=0 



A n z n = (c) * (h) (see [J, Section 7) 



D = d 4 - 2 2 3z(36> 2 + 36* + 1)(186> 2 + 186* + 7) 
+ 2 4 3 2 z 2 (7296> 4 + 48606> 3 + 69036> 2 + 40866* + 1007) 
+ 2 7 3 7 z 3 (546> 4 - 3246> 3 - 9876» 2 - 7656> - 227) 
+ 2 10 3 8 z 4 (-8916» 4 - 17826* 3 + 32226> 2 + 41136* + 1549) 
+ 2 12 3 13 z 5 (546> 4 + 5406> 3 + 3096> 2 - 216* - 71) 
+ 2 14 3 14 z 6 (7296> 4 - 19446* 3 - 33036» 2 - 19446* - 307) 
- 2 17 3 19 z 7 (36> 2 + 36 + 1)(18(9 2 + 180 + 7) + 2 20 3 24 z 8 (6» + l) 4 



171 



J2 A nz n = (d) * (h) (see |T], Section 7) 



D = 6 4 - 2 2 3z(726> 4 + 2886> 3 + 2546> 2 + 1106> + 21) 
+ 2 4 3 2 z 2 (-12966> 4 + 155526* 3 + 336966> 2 + 234726» + 6625) 
+ 2 9 3 5 z 3 (25926» 4 + 51846* 3 - 90006* 2 - 11592(9 - 4499) 
+ 2 12 3 8 z 4 (-12966> 4 - 207366» 3 - 207366» 2 - 79206* + 1) 
+ 2 18 3 13 ^ 5 (-726» 4 + 1786> 2 + 1786* + 51) + 2 24 3 18 ^ 6 (6» + l) 4 



A n z n = (e) * (h) (see jjj. Section 7) 



n=0 



58 



# 


differential operator D and coefficients A n , n = 0, 1, 2, . . . 


m 


D = 4 - 3 2 z(30 2 + 39 + 1)(180 2 + 186* + 7) 
+ 3 5 z 2 (2430 4 + 19440 3 + 27630 2 + 16386* + 409) 
+ 3 n z 3 (540 4 - 3 246> 3 - 9870 2 - 7656* - 227) 
+ 3 14 z 4 (-6480 4 - 12960 3 + 28986> 2 + 34560 + 1333) 
+ 3 2O z 5 (540 4 + 5406> 3 + 3O90 2 - 216* - 7) 
+ 3 23 z 6 (2430 4 - 9 726> 3 - 16110 2 - 9726> - 167) 
- 3 2 V(30 2 + 36+ 1)(180 2 + 180 + 7) + 3 36 z 8 (0 + l) 4 




OO 

A nz n = (f) * (h) (see [T], Section 7) 


m 


D = 4 - z(70 2 + 76 + 2)(176> 2 + 176* + 6) 
+ 2 6 z 2 (550 4 + 1120 3 + 1550 2 + 866* + 15) 
+ 2 6 3 2 z 3 (-1190 4 + 7140 3 + 21850 2 + 1656(9 + 444) 
+ 2 12 3 2 z 4 (920 4 + 1840 3 + 986» 2 + 66 + 9) 
+ 2 12 3 4 z 5 (1190 4 + 11906> 3 + 6710 2 - 960 - 140) 
+ 2 18 3 4 z 6 (550 4 + 1O80 3 + 1496* 2 + 1086* + 27) 
+ 2 18 3 6 z 7 (70 2 + 79 + 2)(170 2 + 170 + 6) + 2 24 3 8 z 8 (0 + l) 4 




OO 

A n z n = (a) * (g) (see [T], Section 7) 

n=0 


m 


D = 4 - z(110 2 + 110 + 3)(170 2 + 170 + 6) 
+ z 2 (87110 4 + 3398O0 3 + 47O950 2 + 262306* + 5232) 
+ 2 3 3 2 z 3 (-1870 4 + 11226> 3 + 34360 2 + 25956> + 684) 
+ 2 4 3 2 z 4 (86390 4 + 172780 3 - 1165O0 2 - 202896* - 6102) 
+ 2 6 3 4 z 5 (1870 4 + 18706> 3 + 10526> 2 - 1630 - 216) 
+ 2 6 3 4 z 6 (87110 4 + 8640 3 - 25796> 2 + 8646> + 828) 
+ 2 9 3V(110 2 + 116 1 + 3)(176» 2 + 170 + 6) + 2 12 3 8 z 8 (0 + l) 4 




OO 

A nZ n = (b) * (g) (see [I], Section 7) 

n=0 


m 


D = 6 4 - z(106 2 + 106 + 3)(170 2 + 170 + 6) 
+ 3 4 z 2 (890 4 + 4520 3 + 6330 2 + 3626* + 80) 
+ 2 3 3 4 z 3 (17O0 4 - 1O2O0 3 - 31190 2 - 23730 - 648) 
+ 2 4 3 8 z 4 (-970 4 - 1940 3 + 2380 2 + 3350 + 114) 
+ 2 6 3 8 z 5 (17O0 4 + 17OO0 3 + 9610 2 - 1250 - 204) 
+ 2 6 3 12 z 6 (890 4 - 960 3 - 1890 2 - 960 - 12) 
- 2 9 3 12 z 7 (lO0 2 + 100 + 3)(170 2 + 170 + 6) + 2 12 3 16 z 8 (0 + l) 4 




OO 

^ A n z n = (c) * (g) (see [T], Section 7) 

n=0 
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# 


differential operator D and coefficients A n , n = 0, 1, 2, . . . 


176 


D = 9 i - 2 2 z(30 2 + 36 + 1)(170 2 + 17(9 + 6) 
+ 2 5 z 2 (3250 4 + 21640 3 + 3O530 2 + 17786* + 420) 
+ 2 lo 3 2 z 3 (510 4 - 306(9 3 - 9340 2 - 7176* - 204) 
+ 2 14 3 2 z 4 (-3970 4 - 794(9 3 + 14540 2 + 18510 + 666) 
+ 2 18 3 4 z 5 (510 4 + 5106> 3 + 29O0 2 - 296* - 64) 
+ 2 21 3 4 z 6 (3250 4 - 8640 3 - 14896> 2 - 8646> - 144) 
- 2 26 3 6 z 7 (30 2 + 30 + 1)(17(9 2 + 170 + 6) + 2 32 3 8 z 8 (0 + l) 4 




OO 

A n z n = (d) * (g) (see |fl, Section 7) 

n=0 


177 


D = 4 - 2 2 z(80 2 + 86* + 3)(176» 2 + 170 + 6) 
+ 2 7 z 2 (5780 4 + 40406* 3 + 57460 2 + 34126 1 + 849) 
+ 2 13 3 2 z 3 (1360 4 - 8166> 3 - 24856> 2 - 19296> - 576) 
+ 2 19 3 2 z 4 (-7220 4 - 14440 3 + 27640 2 + 348661 + 1323) 
+ 2 24 3 4 z 5 (1360 4 + 136O0 3 + 7790 2 - 490 - 180) 
+ 2 29 3 4 z 6 (5780 4 - 1728(9 3 - 29O60 2 - 1728(9 - 279) 
- 2 35 3 6 z 7 (80 2 + 80 + 3)(17(9 2 + 170 + 6) + 2 44 3 8 z 8 (0 + l) 4 




OO 

^ A n z n = (e) * (g) (see Q, Section 7) 

n=0 


178" 


D = 6 A ~ 3z(30 2 + 30 + 1)(170 2 + 170 + 6) 
+ 3 3 z 2 (2170 4 + 17320 3 + 24410 2 + 14180 + 336) 
+ 2 3 3 6 z 3 (510 4 - 3O60 3 - 9340 2 - 7170 - 204) 
+ 2 4 3 8 z 4 (-2890 4 - 5780 3 + 131O0 2 + 15990 + 570) 
+ 2 6 3 n z 5 (510 4 + 51O0 3 + 29O0 2 - 290 - 64) 
+ 2 6 3 13 z 6 (2170 4 - 8640 3 - 14530 2 - 8640 - 156) 
- 2 9 3 16 z 7 (30 2 + 30 + 1)(170 2 + 170 + 6) + 2 12 3 2O z 8 (0 + l) 4 




OO 

J2 A nz n = (f) * (g) (see Hj, Section 7) 

n=0 


170 


D = 9 4 - 3z(170 2 + 170 + 6)(180 2 + 180 + 7) 
+ 3 4 z 2 (26O10 4 + 1818O0 3 + 259290 2 + 154980 + 3920) 
+ 2 3 3 9 z 3 (3O60 4 - 18360 3 - 55870 2 - 43530 - 1320) 
+ 2 4 3 12 z 4 (-32490 4 - 64980 3 + 123660 2 + 156150 + 6034) 
+ 2 6 3 17 z 5 (3O60 4 + 3O6O0 3 + 17570 2 - 890 - 412) 
+ 2 6 3 2O z 6 (26O10 4 - 77760 3 - 13OO50 2 - 77760 - 1228) 
- 2 9 3 25 z 7 (170 2 + 170 + 6)(180 2 + 180 + 7) + 2 12 3 32 z 8 (0 + l) 4 




OO 

A nz n = (g) * (h) (see P, Section 7) 

n=0 



60 



4L 
ft 




180 


D = 6 4 - 2 4 3z(1980 4 + 720 3 + 690 2 + 336* + 5) 
+ 2 9 3 2 z 2 (76140 4 + 71286> 3 + 68130 2 + 25296> + 340) 

- 2 14 3 5 z 3 (157140 4 + 272160 3 + 263430 2 + 111516 + 1685) 
+ 2 19 3 9 z 4 (30 + 1)(36> + 2)(5766> 2 + 100861 + 605) 

- 2 27 3 13 z 5 (30 + 1)(36> + 2) (30 + 4) (30 + 5) 




f2n\ fn\ (1n\~ X (6fc)! (6n-6fc)! 
" ~~ \ n J 2-* \k) \2k) fe!(2fc)!(3fc)! (n - k)\[2n - 2fc)!(3n - 3fc)! 


181 


D = 9 4 - 18z(3240 4 + 6480 3 + 7650 2 + 4410 + 97) 
+ 236196z 2 (0 + 1) 2 (60 + 5) (60 + 7) 




a formula for A n is not known 


182 


L> = 4 - z(430 4 + 860 3 + 770 2 + 340 + 6) 
+ 12z 2 (0 + l) 2 (60 + 5)(60 + 7) 




a formula for A n is not known 


183 


D = 6 4 ~ 4z(20 + 1) 2 (70 2 + 70 + 3) 
+ 48z 2 (20 + 1)(20 + 3) (40 + 3) (40 + 5) 




a formula for A n is not known 


184 


D = 4 - 2z(20 + 1) 2 (110 2 + 110 + 5) 
+ 5OOz 2 (0 + 1) 2 (20 + 1)(20 + 3) 




a formula for A n is not known 


185 


D = 6 4 - 6z(20 + 1) 2 (30 2 + 30 + 1) 
- lO8z 2 (0 + 1) 2 (20 + 1)(20 + 3) 




^e;)E(i)(i)cr) 2 G n +i ) 

kl 


186" 


r> i o2/)4 i o-v/7nnM _l i oqq/)3 . ooo/^^ j_ oqc\d _±_ C7\ 

u — iy (7 — i\jz[ iuuu + izoou ~\- yyyc/ -r qouu -\- o i ) 

- z 2 (647450 4 + 368OO60 3 + 6O91330 2 + 4127560 + 102258) 

+ 3 3 z 3 (63970 4 + 121980 3 - 119230 2 - 273600 - 11286) 

+ 3 6 z 4 (640 4 + 11540 3 + 24250 2 + 18480 + 486) 

-3 n z 5 (0 + l) 4 




a formula for A n is not known 


187 


D = 9 4 + z(-640 4 + 8980 3 + 6530 2 + 2040 + 27) 
+ 3 2 z 2 (-63970 4 - 1339O0 3 + 1O1350 2 + 74920 + 1850) 
+ 3 4 z 3 (647450 4 - 1O9O260 3 - 1O64150 2 - 395280 - 4626) 
+ 3 9 19z 4 (7OO0 4 + 15620 3 + 14850 2 + 7040 + 138) 
-3 14 19V(0 + 1) 4 




the reflection of #186 at infinity 




a formula for A n is not known 
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# 


differential operator D and coefficients A n , n = 0, 1, 2, . . . 


188 


D = 9 4 - 2z(2806* 4 + 706> 3 + 286> 2 - 76* - 6) 
+ 2 2 z 2 (335446* 4 + 167726* 3 + 74516* 2 + 2236* + 354) 

- 2 5 z 3 (5623606* 4 + 4217706* 3 + 2062116* 2 + 301446* + 6888) 

+ 2 6 z 4 (232196446» 4 + 232196446* 3 + 123999196* 2 + 23437196' + 158340) 

- 2 10 z 5 (765993206* 4 + 957491506* 3 + 554949826* 2 + 116743196* + 584280) 
+ 2 n z 6 (13007670326» + 19511505486* 3 + 12206895876* 2 

+ 2748774636* + 6995856) 

- 2 14 z 7 (34913807606* 4 + 61099163306* 3 + 41078269616* 2 
+ 9353526706* - 69427776) 

+ 2 15 z 8 (227369026226» 4 + 454738052446* 3 + 327454168036* 2 
+ 703571113161- 1066887690) 

- 2 17 15 2 z 9 (1883478326> 4 + 4237826226 13 + 3260670726* 2 
+ 672459376* - 10221330) 

+ 2 18 15V°(17359446* 4 + 43398606* 3 + 35544956* 2 + 8204356* + 24846) 

- 2 21 15 6 z n 6*(6* + 1)(10366> 2 + 23316* + 1308) 

, r,22-i r8 12/J//J . i wnn . i i o\ 

\ £ ±'J £ PIP T ^11^" T i Jl^P T O] 




the pullback of the 5th-order differential equation D'y = 0, where 




D' = 8 5 — 2z(26* + 1)(356* 4 + 706* 3 + 636* 2 + 286* + 5) 
+ 4z 2 (6» + 1)(26* + 1)(26* + 3)(2596> 2 + 5186* + 285) 
- 1800z 3 (6> + 1)(6* + 2)(26> + 1)(26* + 3) (26* + 5) 




A ,_(2n\ v f «I V 
n \n) ^ \i\j\k\l\m\ 

i+j+k+l+m=n x J y 


189 


D = i - z(10406* 4 + 2606* 3 + 806* 2 - 506* - 31) 
+ z 2 (4096966» 4 + 2048486* 3 + 717146* 2 + 158326* + 34347) 

- 2 2 z 3 (183747206* 4 + 137810406* 3 + 54177006* 2 + 22800156* - 228513) 
+ z 4 (54067202566» 4 + 54067202566* 3 + 23700208966* 2 

+ 4707409766* - 45885347) 

- 2V(5879910406* 4 + 7349888006* 3 + 3708946406* 2 
+ 2687428061- 35246511) 

+ 2 12 z 6 (1048821766* 4 + 1573232646* 3 + 888264966* 2 
+ 1639526461 + 8271969) 

o2i r 7 /'c;'3o z iQnfl 4 4- cm szinfl 3 ^77finnfl 2 4- 1 rdi fin# 4- 1 097"^ 

z z yooZi^iouu 4^ yoio^tuf/ 4^ o i t vuuu 4^ iuuiuup 4^ iuz 1 j 
+ 2 28 z 8 (86> + 1)(86* + 3)(86* + 5)(86* + 7) 




the pullback of the 5th-order differential equation D'y = 0, where 




D' = 6* 5 - 2z(26* + 1)(656> 4 + 1306* 3 + 1056* 2 + 406* + 6) 
+ 16z 2 (6> + 1)(26* + 1)(26* + 3)(46* + 3)(46* + 5) 




^C:)£(:)G) 2 0(O(OCr) 
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# 


differential operator D and coefficients A n , n = 0, 1, 2, . . . 


I19AI 


D = 9 4 - z(4f f 26» 4 + 10286* 3 + 262(9 2 - 2 5 26» - f43) 
+ z 2 (63570886> 4 + 31785446* 3 + 9493O20 2 + 1469566* + 559863) 

- 2z 3 (2f980120326» 4 + 16485O9O240 3 + 567945288(9 2 
+ 254f 7778661 - 23879293) 

+ z 4 (1168 8 36 1 33 1 20(9 4 + 1168 8 36 1 33 1 206' 3 + 4654720779206> 2 
+ 10542171752061+ 12297022465) 

- 2 13 z 5 (21980120326> 4 + 27475150406* 3 + 20685108006* 2 
+ ff 999974506 1 + 333f f f 035) 

+ 2 24 z 6 (6357088(9 4 + 95 3 5 6 326» 3 + 83385f86» 2 + 35630326" - 95477) 

- 2 3 V(657926> 4 + 1151366> 3 + 986086» 2 + 287846* + 4107) 
+ 2 44 z 8 (26- + l) 4 


the pullback of the 5th-order differential equation D'y = 0, where 


D' = 6 5 - 2z(5226> 5 + 12856* 4 + 12906* 3 + 6506> 2 + 1656* + 17) 
+ 5 ■ 2 2 z 2 (10326> 5 + 30806* 4 + 46226» 3 + 46186> 2 + 28816> + 805) 

- 5 • 2 3 z 3 (41126> 5 + 143606* 4 + 256366» 3 + 271546* 2 + 143366 1 + 2101) 
+ 5 ■ 2 4 z 4 (82086> 5 + 328006» 4 + 63528(9 3 + 655526> 2 + 317496 1 + 6554) 

- 2 5 z 5 (409926» 5 + 1844006» 4 + 3687206* 3 + 3686806» 2 + 1843306* + 36865) 

- 2 20 z 6 (6> + l) 5 


(In - 2k\ [2k\ 5 
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# 


differential operator D and coefficients A n , n = 0, 1, 2, . . . 


101 


D = 6* 4 - z(276646* 4 + 69166* 3 + 14226* 2 - 20366* - 1091) 
+ z 2 (2870969286» 4 + 1435484646* 3 + 355434786> 2 + 682140(9 + 24820311) 

- 2z 3 (6627464480006> 4 + 4970598360006* 3 + 1441124894166* 2 
+ 581593498506* - 9469320873) 

+ z 4 (23036837009820166» 4 + 23036837009820166» 3 + 7684047671440326* 2 
+ 1018118261890726'+ 5044177631041) 

- 2 7 3z 5 (954354885120006> 4 + 1192943606400006* 3 + 852182571407846* 2 
+ 4948497226711261+ 14178690000383) 

+ 2 12 3 2 z 6 (59532418990086> 4 + 89298628485126 13 + 75442933612806* 2 
+ 31453513804806 1 - 150788399663) 

- 2 21 3 5 z 7 (11472814086 )4 + 20077424646* 3 + 16689352326 12 
+ 4566219846* + 58834537) 

+ 2 28 3 8 z 8 (24(9 + 7)(246> + 11)(240 + 13)(246> + 17) 


the pullback of the 5th-order differential equation D'y = 0, where 


D' = 6 5 - 2z(34666> 5 + 86456» 4 + 83386< 3 + 3S626> 2 + 8576* + 73) 
+ 2V(346006i 5 + 1037206* 4 + 1524706* 3 + 1499546* 2 + 930536* + 25841) 

- 2 3 z 3 (1383206» 5 + 4839606> 4 + 8517006 13 + 8897226> 2 + 4606806* + 62757; 
+ 2 4 z 4 (2765606» 5 + 11060806I 4 + 21179606* 3 + 21520166* 2 + 1013833) 

- 2 5 z 5 (2765126» 5 + 12442406* 4 + 24634406* 3 + 24209686* 2 
+ 11772586*+ 226801) 

+ 3 ■ 2 12 z 6 (6* + 1)(46» + 3)(46* + 5)(66* + 5)(66* + 7) 


, (In- 2k\ (3fc)! (4fc)! 
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# 


differential operator D and coefficients A n , n = 0, 1, 2, . . . 


192 


£> = 4 - z(4423840 4 + 1105966* 3 + f 8O540 2 - 372446* - f 9343) 
+ 3z 2 (2446354O2560 4 + 1223177O1280 3 + 25066639546 s2 

- 3746142686*+ 2063881213) 

- 2z 3 (27O5798OlO76544O0 4 + 2O293485O8O74O8O0 3 + 5OO5175644386OO0 1 
+ 1786690970127306*- 39466352094909) 

+ z 4 (149673916892499149O560 4 + 149673916892499149O560 3 
+ 4317O889O568613888960 2 + 28982315426744524960 

- f 95585894794578943) 

- 2 n 3z 5 (38963491355O22336O0 4 + 487O436419377792OO0 3 
+ 3314753OO23699544O0 2 + 1919387843330466006* 

+ 55636145439400469) 
+ 2 2O 3 2 z 6 (15218279122452480 4 + 22827418683678720 3 

+ 18652877355674880 2 + 75692179841587261- 52441938125015) 

- 2 33 3 5 z 7 (183465492480 4 + 321O64611840 3 + 25927O485120 2 
+ 66331056966* + 751215433) 

+ 2 44 3 8 z 8 (240 + 5)(240 + 11) (240 + 13) (240 + 19) 




the pullback of the 5th-order differential equation D'y = 0, where 




D' = 5 - 2z(553O60 5 + 1382450 4 + 12865O0 3 + 5473O0 2 + 104690 + 721) 
+ 2 2 z 2 (553OOO0 5 + 165892O0 4 + 239239O0 3 + 231557O0 2 
+ 14294456* + 394553) 

- 2 3 z 3 (221192O0 5 + 774156O0 4 + 1344O18O0 3 + 1384713O0 2 
+ 70368006* + 889929) 

+ 2 4 z 4 (442376O0 5 + 1769488O0 4 + 3351572O0 3 + 3354632O0 2 
+ 153869056'+ 2949122) 

- 2 5 z 5 (44237120 5 + 199O664O0 4 + 39O452OO0 3 + 3773956O0 2 
+ 178636906* + 3317761) 

+ 2 18 3z 6 (0 + 1)(36» + 2) (30 + 4) (46 + 3) (40 + 5) 




/2fc\/2n-2£;\ (4k)l (6k)\ 
n ~ )\ n-k J k\ 2 {2k)\ fc!(2fc)!(3fc)! 


ids 


D = 7 2 4 - 7z(11350 4 + 22O40 3 + 16830 2 + 5810 + 77) 
+ ^ 2 (287230 4 + 4O7O80 3 + 1326O0 2 - 13370 - 896) 
- z 3 (321260 4 + 385140 3 + 265110 2 + 107310 + 1806) 
+ 7 • llz 4 (13O0 4 + 2540 3 + 1920 2 + 650 + 8) + llV(0 + l) 4 
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# differential operator D and coefficients A n , n = 0, 1, 2, . 

L> = 17 2 6> 4 - 17z(l 4656> 4 + 27686* 3 + 22006* 2 + 8166* + If 9) 
104 + 2z 2 (620156* 4 + 1315826> 3 + f 250f 76> 2 + 659260 + f 5300) 
- 2 • 3 3 z 3 (43256» 4 + 109146* 3 + f 28036* 2 + 74466* + f 700) 
+ 3 6 z 4 (2656* 4 + 8366> 3 + f f f 86> 2 + 7006* + 168) q10 ~ 5 ' 



195 



2 / x 2 / . , . x 2 

n\ I % + j 



D = 29 2 (9 4 - 29z(30266> 4 + 58486> 3 + 45776* 2 + 16536* + 232) 
+ z 2 (2586476> 4 + 4242206* 3 + 2391596* 2 + 577686* + 5568) 

- z 3 (2727436* 4 + 5326146* 3 + 5816476* 2 + 3368646* + 76560) 
+ 2 2 17z 4 (19226* 4 + 61936* 3 + 81216* 2 + 48946* + 1112) 

- 2 2 3 ■ 17 2 z 5 (6* + 1) 2 (36* + 2) (30 + 4) 



196 



2 / \ 2 



3 J \ 3 / \ n 



D = 47 2 6> 4 - 47z(24896* 4 + 49846> 3 + 40436* 2 + 15516* + 235) 

- z 2 (2088676» 4 + 7900726* 3 + 11358486* 2 + 7018516* + 161022) 
+ z 3 (370856» 4 + 6376446> 3 + 383912(9 2 + 1493196* + 38352) 

+ z 4 (2911616> 4 - 5118206* 3 - 44240496* 2 - 51612836* - 1770676) 

- z 5 (4061926» 4 + 7494826* 3 + 7507556* 2 + 2609366* - 2151) 
+ 3 3 z 6 (53056* 4 + 907506* 3 + 1525516* 2 + 911946* + 17914) 

+ 2 ■ 3 6 z 7 (1066» 4 + 2306* 3 + 1976* 2 + 826* + 15) - 2 2 3 10 z 8 (6* + l) 4 



197 



2 / \ 2 

n\ I n\ (i+j\(n + i — j 



3 J \ 3 J \ n 



D = 13 2 6> 4 - 13 2 z(416> 4 + 826* 3 + 676* 2 + 266* + 4) 

- 13 ■ 2 3 z 2 (4716* 4 + 17886* 3 + 25556> 2 + 15346* + 338) 
+ 13 ■ 2 6 z 3 (2516* 4 + 10146* 3 + 17986* 2 + 14136* + 405) 
+ 2 9 z 4 (7496* 4 + 4366* 3 - 49086* 2 - 62666* - 2145) 

- 2 12 z 5 (3796* 4 + 12706* 3 + 9676* 2 - 426* - 178) 
+ 2 15 z 6 (-96> 4 + 1566* 3 + 2736* 2 - 1566* - 28) 

+ 2 18 z 7 (136* 4 + 266* 3 + 206* 2 + 76* + 1) - 2 21 z 8 (6* + l) 4 



;)TO(7 
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# differential operator D and coefficients A n , n = 0, 1, 2, . . . 

D = 11 2 6> 4 - 7 • llz(1306> 4 + 2666> 3 + 2106* 2 + 776* + 11) 
|.!).s - z 2 (321266» 4 + 899906I 3 + 1037256* 2 + 552536 + 11198) 
+ z 3 (287236» 4 + 741846* 3 + 634746* 2 + 206256* + 1716) 
- 7z 4 (11356* 4 + 23366> 3 + 18816* 2 + 7130 + 110) + 7V(6> + l) 4 

the reflection of #193 at infinity 

^ = MrETO'(T)Cr) 

D = 6* 4 - z(2656> 4 + 2246* 3 + 2006* 2 + 886* + 15) 
+ 2 • 3z 2 (43256» 4 + 63866» 3 + 60116* 2 + 27186* + 468) 

- 2 • 3 2 z 3 (620156* 4 + 1164786* 3 + 1023616* 2 + 374226* + 4824) 
+ 17 • 3 6 z 4 (14656* 4 + 30926* 3 + 26866* 2 + 11406* + 200) 

- l?^ 10 ^ + l) 4 

the reflection of #194 at infinity 



199 



a formula for A n is not known 



D = 2 2 6* 4 - 2z(1066> 4 + 1946* 3 + 1436* 2 + 466* + 6) 
+ 3z 2 (-53056* 4 + 69536* 3 + 878696* 2 + 371226* + 6174) 
+ 3 2 z 3 (4061926» 4 + 8752866* 3 + 9394616 12 + 6168966* + 144378) 
200 + 3 6 z 4 (-2911616* 4 - 16764646* 3 + 11416236* 2 + 9867116* + 230461) 
- 3 10 z 5 (3708576* 4 + 8457846* 3 + 6961226* 2 + 1890016* + 6158) 
+ 3 14 z 6 (2088676* 4 + 453966* 3 + 188346* 2 + 350976* + 13814) 
+ 47 • 3 18 z 7 (24896» 4 + 49726* 3 + 40256* 2 + 15396* + 232) 
-47 2 3 22 z 8 (0 + l) 4 



the reflection of #196 at infinity 



201 



a formula for A„ is not known 



D = 6 4 - 2 4 z(136> 4 + 266> 3 + 206* 2 + 76* + 1) 
+ 2 8 z 2 (96* 4 + 1926* 3 + 2496* 2 + 1146* + 20) 
+ 2 12 z 3 (3796> 4 + 2466* 3 - 5696* 2 - 3186* - 60) 
+ 2 16 z 4 (-7496* 4 - 25606* 3 + 17226* 2 + 18626* + 474) 
- 13 • 2 20 z 5 (2516* 4 - 106* 3 + 2626* 2 + 1456* + 27) 
+ 13 • 2 24 z 6 (4716* 4 + 966> 3 + 176* 2 + 966* + 42) 
+ 13 2 2 28 z 7 (416> 4 + 826> 3 + 676* 2 + 266* + 4) - 13 2 2 35 z 8 (6> + l) 4 



the reflection of #197 at infinity 



a formula for A n is not known 
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# 


differential operator D and coefficients A n , n = 0, 1, 2, . . . 


202 


D = 19 2 6> 4 - 19z(l 3706» 4 + 26206» 3 + 20896* 2 + 7786 + 114) 
+ z 2 (39521(9 4 - 39 1 66> 3 - 1067796» 2 - 952666* - 25384) 
+ 2 3 z 3 (16496> 4 + 197796* 3 + 296676» 2 + 176136* + 3876) 
- 5 • 2V(6> + 1)(4996> 3 + 14116» 2 + 13786> + 456) + 5 2 2 9 z 5 ((9 + l) 4 




^ j \ / \j / \ j / \ j / 


203 


D = 5 2 6> 4 - 5z6>(4996> 3 + 866> 2 + 539 + 10) 
+ 2 4 z 2 (16496» 4 - 131836> 3 - 197766> 2 - 1102061 - 2200) 
+ 2 6 z 3 (395216» 4 + 1620006* 3 + 1420956 12 + 515406 1 + 6540) 
- 19 • 2 11 z 4 (13706 )4 + 28606> 3 + 24496 s2 + 10196> + 174) 
+ 19 2 2 16 z 5 (6> + l) 4 




the reflection of #202 at infinity 




a formula for A n is not known 


204 


D = 6 4 - 16z(1286» 4 + 2566 3 + 3046» 2 + 1766* + 39) + 2 20 z 2 (6» + l) 4 




self-dual at infinity 




a formula for A n is not known 


205 


D = 6» 4 - ^(596» 4 + 1186» 3 + 1056* 2 + 460 + 8) 
+ 96z 2 (6> + 1) 2 (36» + 2)(3 + 4) 




a formula for A n is not known 


206 


D = 6 4 - Az{26 + 1) 2 (176» 2 + 176* + 6) 

- 224z 2 (26» + 1)(26» + 3)(116» 2 + 226» + 12) 

- 1008z 3 (26> + 1)(20 + 3) 2 (26> + 5) 

- 24064z 4 (26> + I) {26 + 3) {26 + 5){26 + 7) 




a formula for A n is not known 
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# 


differential operator D and coefficients A n , n = 0, 1, 2, . . . 




D = i + 2 4 z(-10726> 4 + 178246 s3 + 108886 s2 + 19766* + 145) 


207 


+ 2 17 z 2 (-510886 s4 - 1163686 s3 + 452646 s2 + 142286* + 1397) 

+ lO • Z Z (Id WW +10000 — 48o(7 +Oo4(7 + y/J 
1 o2r)44,4/r)/) | 1 *i4 

— 13 z z (la + 1) 




the reflection of #99 at infinity 




a formula for A n is not known 




L> = 7 2 6> 4 - 14z(10566> 4 + 18846> 3 + 13976 s2 + 4556 s + 56) 


208 


+ 2 2 z 2 (682806 s4 + 410166 s3 - 676116> 2 - 543486 1 - 10752) 


+ 2 4 z 3 (-533126> 4 + 1621206 s3 + 1951726* 2 + 785616* + 11130) 
- 19 ■ 2 6 z 4 (26> + 1) 2 (11896» 2 + 25336* + 1646) 
+ 19 2 2 11 z 5 (26 1 + l) 2 (2<9 + 3) 2 




^( 2 :) 2 E(:) 2 (" + „ 2t ) 




D = 17 2 6» 4 - 34z(19026» 4 + 37086 s3 + 27896 s2 + 9356> + 119) 


209 


+ 2 2 z 2 (624086> 4 + 685766 s3 - 100296 s2 - 241066 1 - 5661) 


- 2 2 z 3 (661806> 4 + 330486 s3 + 207856 s2 + 177996* + 4794) 
+ 2V(26> + 1)(1966» 3 + 4986 s2 + 4876 s + 169) 
-2 12 z 5 (6 + l) 2 (26 + l)(26 + o) 




(2n\ x-^ (n\ 2 (n + k\ (n + 2k\ 

(„)E( t ) ( I )( „ ) 




D = 5 2 6» 4 - 20z(6886» 4 + 13526 s3 + 9816 s2 + 3056* + 35) 


121 01 


+ 2 4 z 2 (5856<9 4 + 70086 s3 + 966> 2 - 12600 - 265) 
+ 2 10 z 3 (1766 s4 + 1206> 3 + 696 s2 + 306 s + 5) 
+ 2 12 z 4 (26- + l) 4 




f2n\ ^ , (2n\ 4 




D = 6 4 + 2 4 z(7046» 4 + 9286 s3 + 6126 s2 + 1486 s + 13) 


211 


+ 2 12 z 2 (58566 s4 + 47046» 3 - 16326 s2 - 9726 s - 121) 

1 o20 k 3 (O^KOQi 1 Oft/) 3 Rflfl 2 J- 9zLfl X 7"\ 

-T z ■ oz ^z / ozc ~r yuc — out/ -t- z^tc -t- 1 1 
+ 2 28 • 5V(20 + l) 4 




■j-Viq rfflpftinn of 3^910 at infim'tv 








y\ /n\ 2 (In + k\ (An + 2k\ (n + k\ 2 (2k\ x \ 





69 



4L 
ft 




212 


D = 7 2 4 - 14z(1340 4 + 2860 3 + 2340 2 + 916* + 14) 

- 2 2 z 2 (31830 4 + 102666* 3 + 1350K9 2 + 82250 + 1918) 

- 2 3 z 3 (25880 4 + 84OO0 3 + 1O2560 2 + 56496» + 1190) 

- 2 4 ■ 3z 4 (2560 4 + 8480 3 + 11416* 2 + 7176* + 174) 
-2 8 -3V(0 + l) 4 




the reflection of #117 at infinity 




^E(i) 2 C) 2 Cr)( 2 "-,rO 

L l J 


m 


D = 17 2 4 - 34z(6470 4 + 124O0 3 + 9770 2 + 3576" + 51) 

- 2 2 z 2 (144370 4 + 897520 3 + 1477346* 2 + 921236* + 20400) 
+ 2 2 z 3 (646140 4 + 77O4O0 3 - 1259370 2 - 1684536* - 52326) 
+ 2 3 z 4 (5192O0 4 + 1663840 3 - 831490 2 - 2170170 - 79362) 
+ 2 4 • 3z 5 (-936O0 4 + 267840 3 + 438130 2 + 219656* + 3496) 
+ 2 5 • 3z 6 (-lO16O0 4 + 960 3 + 1O5350 2 + 53856 + 438) 

- 2 8 • 3 2 z 7 (2880 4 + 8646> 3 + 1O820 2 + 6410 + 147) 

- 2 11 • 3 2 z 8 (0 + 1) 2 (40 + 3) (40 + 5) 




"•-£(<) 0) ( i XJ 




D = 6 i - 2z(9O0 4 + 1880 3 + 1410 2 + 476* + 6) 

- 2 2 z 2 (5640 4 + 152O0 3 + 17O50 2 + 9346* + 192) 

- 2 4 z 3 (20 + 1)(2860 3 + 8130 2 + 8510 + 294) 

- 2 6 ■ 3z 4 (20 + 1)(20 + 3) (40 + 3) (40 + 5) 




{2n\ ^ fn\ 2 fn + k\ /3fc\ 

*-(»)?(»)(» )(-) 


I2T5I 


D = 3 2 4 - 12z(2680 4 + 6320 3 + 4630 2 + 1470 + 18) 
+ 2 7 z 2 (-4480 4 + 16160 3 + 428O0 2 + 24180 + 441) 
+ 2 12 z 3 (4160 4 + 2O160 3 + 7560 2 - 2880 - 135) 
+ 2 19 z 4 (20 + 1) 2 (80 2 - 280 - 33) - 2 24 z 5 (20 + 1) 2 (20 + 3) 2 
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# differential operator D and coefficients A n , n = 0, 1, 2, . 

D = 6 A - z0(270 3 + 1S6> 2 + 116* + 2) 

- 2 • 3 3 z 2 (720 4 + 4140 3 + 6O30 2 + 3306> + 64) 
+ 2 2 • 3 5 z 3 (930 4 - 72O0 3 - 7O80 2 - 184) 
+ 2 3 • 3 7 z 4 (20 + 1)(540 3 + 4O50 2 + 5440 + 200) 

- 2 4 • 3 lo z 5 (20 + 1)(20 + 3) (30 + 2) (30 + 4) 



216 



A n — 



2n\ ^-^ (n\ 2 ( 3k\ ("in — 3fc 



n I ^—^ \ k I \ n I \ n 

k 



D = 7 2 4 + 7z0(130 3 - 1180 2 - 730 - 14) 

- 2 3 • 3z 2 (33780 4 + 134460 3 + 188690 2 + 111580 + 2352) 

- 2 4 • 3 3 z 3 (36280 4 + 1792O0 3 + 316680 2 + 225960 + 5383) 

- 2 s • 3 3 z 4 (20 + 1)(5720 3 + 237O0 2 + 28960 + 1095) 

- 2 10 • 3 4 z 5 (20 + 1)(20 + 3)(60 + 5)(60 + 7) 
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A n — 



2n\ ^ /n\ 2 /3k\ (In - 2k 



D = 7 2 4 - 2 • 3 • 7z(1920 4 + 3960 3 + 3O30 2 + 1050 + 14) 
+ 2 2 ■ 3z 2 (11880 4 + 117360 3 + 2O4310 2 + 121520 + 2436) 
+ 2 2 • 3 3 z 3 (5320 4 + 5O40 3 - 34550 2 - 38290 - 1036) 

- 2 4 ■ 3 4 z 4 (20 + 1)(360 3 + 3O60 2 + 4210 + 156) 

- 2 6 • 3 4 z 5 (20 + 1)(20 + 3)(30 + 2)(30 + 4) 



218 



A n — 



2n\ ^ /n\ 2 /2fc\ /3fc 
n ) "T W UA" 



D = 5 2 4 - 2 • 5z(4640 4 + 1O360 3 + 7630 2 + 2450 + 30) 
|2Hfl - 2 2 • 3 2 z 2 (7O640 4 + 224720 3 + 266990 2 + 132000 + 2340) 
2 4 • 3 4 z 3 (344O0 4 + 1332O0 3 + 187840 2 + 106650 + 2070) 
2 6 ■ 3 8 z 4 (20 + 1) 2 (190 2 + 590 + 45) - 2 8 ■ 3 9 z 5 (20 + 1) 2 (20 + 3) 2 

2n\ 2 fn\ 2 fik 



D = 4 - 2 4 z(2O0 4 + 560 3 + 380 2 + 100 + 1) 
220 - 2 lo z 2 (840 4 + 24O0 3 + 2610 2 + 1340 + 25) 
2 16 z 3 (20 + 1) 2 (230 2 + 550 + 39) 
2 2 V(20 + l) 2 (20 + 3) 2 

o \ 3 / [™/2] / \ 2 / \ /o \ -1 



fe=[n/2]+l 



,k \2k \4k 

k=0 

2 / a r \ /m \ -1 



y~y I II \ /4A-\ (2k 



n 

k I V 2n I V n 
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221 



# differential operator D and coefficients A n , n = 0, 1, 2, . . . 

D = 5 2 4 - 5 • 2 2 z(4O40 4 + 1O960 3 + 7730 2 + 2256> + 25) 

- 2 4 z 2 (668960 4 + 1374O80 3 + 1O1O96O0 2 + 528006* + 11625) 

- 2 s • 3 • 5z 3 (20 + 1)(56720 3 + 95OO0 2 + 84220 + 2689) 

- 2 15 ■ 3 2 z 4 (20 + 1)(12086> 3 + 28920 2 + 28426* + 969) 

- 2 20 • 3 3 z 5 (20 + 1)(20 + 3)(60 + 5) (69 + 7) 

2n\ 2 / , . _ fn\ 2 fn + k\f n \ ( 2n^ 1 



222 



k \ n \2k V 4fc 



E 



V n J \ 2n J \ n 

fc=[n/2]+l V 7 V / \ / \ 



L> = 5 2 4 - 5z(4O70 4 + 11980 3 + 9O90 2 + 3100 + 40) 

- 2 7 z 2 (21O30 4 + 69990 3 + 83580 2 + 40506* + 680) 

- 2 12 z 3 (13870 4 + 384O0 3 + 30816> 2 + 9606> + 100) - 2 21 z 4 (20 + l) 4 



224 



2n\ 2 v-^ f n\ { 2k\ ( 2n 



n 



' \ k ] V n J \n — k 

k 



D = 4 + 6z0(480 3 - 120 2 -70-1) 
223 + 2 2 3 2 z 2 (3920 4 + 4880 3 + 7750 2 + 3760 + 64) 

+ 2 4 3 5 z 3 (11840 4 + 32880 3 + 35120 2 + 16350 + 278) 
+ 2 6 3 8 z 4 (20 + 1) 2 (1690 2 + 3610 + 238) + 2 n 3 n z 5 (20 + 1) 2 (20 + 3) 2 



D = 5 2 4 - 5z(lO570 4 + 1O580 3 + 8190 2 + 2900 + 40) 
+ 2 5 z 2 (lO1230 4 + 114190 3 + 58380 2 + 15100 + 180) 

- 2 8 z 3 (3O980 4 + 4656O0 3 + 482110 2 + 255000 + 5100) 
+ 2 14 • llz 4 (20 + 1)(2340 3 + 5910 2 + 5810 + 202) 

- 2 20 ■ ll 2 z 5 (0 + 1) 2 (20 + 1)(20 + 3) 



D = 4 + 2 4 z(221920 4 - 17O560 3 - 95760 2 - 10480 - 49) 
225 + 2 2O z 2 (336480 4 - 446880 s + 162240 2 + 17640 + 17) 
5 • 2 34 z 3 (65120 4 - 61440 3 - 444O0 2 - 15360 - 193) 
5 2 -2 55 z 4 (20 + l) 4 

the reflection of #222 at infinity 
2n\ 2 ^ fn\ /n + 2k\ fin- 2k\ (In + 4fc\ /6n-4fc 



L + fc(-2 

2H 3n -2k + ^H 2n +ik — 4-ff6n-4fc)) 



V h J \ n — k J \ n + 2k ) \3n — 2k 
X (l + k(—2Hk + 2H n -k — H n+ k + H 2 n-k — 2H n+ 2k 
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# 




m 


D = 5 2 4 - 2 • 5z(3280 4 + 6920 3 + 5516» 2 + 205(9 + 30) 
+ 2 2 ■ 3z 2 (53520 4 + 254160 3 + 3S3876* 2 + 230206* + 4860) 

- 2 4 • 3 3 z 3 (3520 4 + 452O0 3 + 121O80 2 + 102056* + 2630) 

- 2 6 • 3 3 z 4 (20 + 1)(5866> 4 + 3O390 2 + 39476* + 1527) 

- 2 8 • 3 4 z 5 (20 + 1)(26* + 3)(66* + 5)(66* + 7) 


An 


"( 


2n 

n j 


) E(- 1 )" +& 

k 


fn\ (2k\ (2n - 2k\ /3fc> 

ykjykjyn-kjynj 




227 


D = e 4 - 

+ 2 9 ■ 3 6 
+ 2 12 -3 


2 2 -3 2 z(1320 4 4 
z 2 (2O0 4 + 8O0 3 - 
lo z 3 (20+ 1) 2 (20 


2640 3 + 2O10 2 + 690+lO) 
h 1O70 2 + 540 + 10) 
+ 3) 2 




A n - 


= 432" ^ 


' 2 :)i 






-i/6\ /-5/e 

k ){ k 


) 


228 


D = 9 4 - 2 2 z(1760 4 + 3526* 3 + 2896* 2 + 1136* + 18) 
+ 2 n z 2 (8O0 4 + 3206* 3 + 4496* 2 + 2586* + 54) 
- 3 ■ 2 16 z 3 (26> + 1)(26* + 5) (40 + 3) (40 + 9) 


A n — 


64" 





E(- x )" 4 

k 




'-l/4\ /-3/ 
v k J\ k 


4 ) 


22f) 


D = 6* 4 - 2 2 z(2560 4 + 7280 3 + 5O60 2 + 1420 + 15) 
+ 2 4 • 3 2 z 2 (-23360 4 - 23360 3 + 17680 2 + 11760 + 189) 
+ 2 9 • 3 4 z 3 (-5120 4 + 4320 3 + 4O40 2 + 1080 + 9) 
+ 2 12 -3 8 z 4 (20 + l) 4 










2n\ 2 
n ) 


V /(2n)!\ 2 
^ [iljlklj 


230 


D = 4 + 3z(9450 4 - 1620 3 - 490 2 + 320 + 8) 
+ 2 • 3 2 z 2 (179280 4 + 297O0 3 + 1O1870 2 + 33760 + 408) 
+ 2 2 • 3 7 z 3 (1562850 4 + 2OOO160 3 + 1963O0 2 + 843780 + 13964) 
+ 2 4 • 3 10 • 19z 4 (20 + 1) 2 (47430 2 + 81990 + 4922) 
+ 2 9 • 3 15 • 19 2 z 5 (20 + 1) 2 (20 + 3) 2 


A n = 27"| 


'2n N 

\ n s 


k 


-'(:) 


(2k\ (n + k 
\ n J \ n 


yen 


'-2/3> 

v k J 




231 


D = 90 4 - 2 2 z(840 4 + 3O480 3 + 22170 2 + 6930 + 90) 
+ 2V(-11680 4 + 9680 3 + 95180 2 + 53250 + 1005) 
+ 2 16 z 3 (9880 4 + 82O80 3 - 7430 2 - 42300 - 1245) 
+ 2 24 • 5z 4 (20 + 1) 2 (90 2 - 2790 - 277) 
- 2 33 -5 2 z 5 (20+l) 2 (20 + 3) 2 


n 

+ E 

fe=[n/2]+] 


An/2] 

(Em 

(_l)n+k 


CO 


)( 2 :: 


\/2n-2k\/n\/2n\ 1 / n + k 
j\n-k J \2k) \4k) \ n 

'2n - 2k\ /4fc\ /2k\ _1 (n+kY 
n~ k J \2n J \ n J \ n J 


r 
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# differential operator D and coefficients A n , n = 0, 1, 2, . . 

L> = 5 2 6 4 - 5z(26176> 4 + 46586» 3 + 33796» 2 + 10506> + 120) 
■2:V> - 2 6 • 3z 2 (-6736> 4 + 48710 3 + 102826> 2 + 54106> + 860) 
+ 2 10 • 3 2 z 3 (9556> 4 + 43206* 3 + 34776> 2 + 10206* + fOO) 
- 2 17 ■ 3 3 z 4 (26> + 1) 2 (36> + f )(3fl + 2) 

. / 2n\ 2 v-^ / n\ 2 / 3n 

An = > ' ' ' 



234 



V n J ^— ' \k J \ n + k 

k v / v 



D = 9 4 — 2 4 z(836> 4 + 946» 3 + 716> 2 + 246» + 3) 
233 + 3 • 2 11 z 2 (1016> 4 + 1916» 3 + 1746> 2 + 716* + 10) 

- 3 2 2 16 z 3 (2036> 4 + 4326> 3 + 3336» 2 + 1020 + 11) 
+ 3 3 2 23 z 4 (26> + 1) 2 (36» + 1)(36> + 2) 



A n — 



3 / \ 2 

2n\ sr~ * (n\ l 3n \ (2n 



nj \k J \n + k/\2k 

k 



D = 7 2 9 4 - 7 ■ 2z9{1929 3 + 609 2 + 379 + 7) 

- 2 2 z 2 (176086> 4 + 115 1 446* 3 + 166 7 1 50 2 + 945566* + 18816) 
+ 2 4 • 3 2 z 3 (202886» 4 + 572886> 3 + 275246> 2 - 74556> - 5026) 

- 2 6 • 3 5 z 4 (26» + 1)(4586> 3 - 6576» 2 - 17996> - 846) 

- 2 12 • 3 8 z 5 (6> + l) 2 {29 + 1)(26> + 3) 



235 



236 



Ay, 



2n\ ^ fn\ 2 / 2k \ (2n - 2k 



^-^ \k J \n — k J \ k 

k 



D = 7 2 9 4 - 2 ■ 7z9(A69 3 + 526> 2 + 336» + 7) 

- 2 2 z 2 (73326» 4 + 288486» 3 + 426336> 2 + 266706* + 6272) 

- 2 4 z 3 (28606» 4 + 447606» 3 + 1204836> 2 + 11127961 + 35098) 
+ 2 9 z 4 (2230(9 4 + 592O0 3 - 7416> 2 - 65096* - 3049) 

+ 2 14 z 5 (1746> 4 + 13206* 3 + 19716* 2 + 10956» + 190) 
+ 2 19 z 6 (-229 4 - 246> 3 + 96» 2 + 216* + 7) 



- 2 25 z 7 (0 + l) 4 



_ ^ fn\ (2k\ (2n - 2k\ f 2k \ (2n - 2k 
An -^\k)\k)\n-k)\n-k)\ k . 

D = 9 4 + 2 4 z(229 4 + 646> 3 + 51<9 2 + 196» + 3) 
+ 2 9 z 2 (-1746> 4 + 6246» 3 + 9456> 2 + 417(9 + 80) 
+ 2 14 z 3 (-22306> 4 - 30006> 3 + 51216> 2 + 38136> + 971) 
+ 2 19 z 4 (28606» 4 - 3332O0 3 + 33636» 2 + 68476> + 2402) 
+ 2 27 z 5 (73326» 4 + 4806> 3 + 816> 2 + 13806» + 719) 
+ 2 36 • 7z 6 (6> + 1)(466> 3 + 866> 2 + 679 + 20) 
+ 2 45 •7 2 z 7 (6' + l) 4 



the reflection of #235 at infinity 



a formula for A n is not known 
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# 


differential operator £> and coefficients A n , n = 0, 1, 2, . . . 




D = 6 i - 2 4 z(460 4 + 1286> 3 + 910 2 + 276* + 3) 


237 


+ 2 9 ■ 3z 2 (-740 4 + 166" 3 + 2316* 2 + 12761 + 20) 
+ 2 14 • 3 2 z 3 (140 4 + 2160 3 + 1750 2 + 516* + 5) 
+ 2 19 • 3 3 z 4 (20 + 1) 2 (30 + 1)(30 + 2) 




(2n\ 2 (n\ 3 (2n + 2k\(4,n-2k\(2n\~ 1 ( 2n 


238 


L* = 4 + 2 2 z(5OO0 4 + 9766 13 + 6770 2 + 1896* + 19) 


+ 2 4 z 2 (39680 4 + 39686» 3 - 13360 2 - 11646 1 - 177) 

+ 2 lo z 3 (5OO0 4 + 246» 3 - 370 2 + 69 + 3) + 2 12 z 4 (20 + l) 4 




/ 2n\ ^ (n\ (n + k\ (2n + 2k\ (2n + k\ 
An ^\n) ^ \k)\ n )\n + k)\2n-k) 




D = 4 - 2 4 • 3z(-90 4 + 1980 3 + 1310 2 + 320 + 39) 


239 


- 2 11 • 3 2 z 2 (4860 4 + 12150 3 + 810 2 - 270 - 5) 

- 2 16 • 3 5 z 3 (8910 4 + 9720 3 + 6750 2 + 2160 + 25) 

- 2 23 -3 8 z 4 (30 + l) 2 (30 + 2) 2 




(3n)! x - /n\ /2n + 2fc\ /4n - 2fc\ 
An ~ n\ 3 ^ \k) \ n + k )\2n-k ) 




D = 13 2 4 - 13z(14490 4 + 4O5O0 3 + 31430 2 + 11186* + 156) 


240 


+ 2 4 z 2 (-2276O0 4 + 271120 3 + 121O460 2 + 823166* + 17589) 


+ 2 8 z 3 (38240 4 + 399360 s - 342920 2 - 634926* - 19539) 
- 2 16 • 3z 4 (20 + 1)(406* 3 + 6846> 2 + 10136* + 399) 






- 2 20 • 3 2 z 5 (20 + 1)(26* + 3)(46* + 3) (40 + 5) 




^ (n\ (2k\ (2n - 2fc\ (n + 2k\ (in - 2k\ 
^ = \\k)\h)\n-k)\ n ){ n ) 




D = 4 - 2 4 z(1520 4 + 1606* 3 + 11O0 2 + 300 + 3) 


241 


+ 2 10 • 3z 2 (4280 4 + 1760 3 - 2990 2 - 1700 - 25) 
+ 2 17 • 3 2 z 3 (-1360 4 + 2160 3 + 18O0 2 + 510 + 5) 
- 2 24 • 3 3 z 4 (20 + 1) 2 (30 + 1)(30 + 2) 




(2n\ (2n + 2k\ (An - 2k\ (n + k\ (2n - k\ 
n ~\n) ^\n+k )\2n-k)\n-k)\ k J 



75 



# 



242 



differential operator D and coefficients A r , 



0,1,2,. 



D = 6 
+ 2 2 



+ 2 • 3z(720 4 + 1086> 3 + 910 2 + 3 76» + 6) 
3 3 z 2 (6480 2 + 1S006I 3 + 22116> 2 + 12486> + 260) 
3 5 z 3 (13440 4 + 49680 3 + 732O0 2 + 47490 4- 1072) 
3V(20 + f )(63O0 3 + 22410 2 + 26170 + 971) 
3 lo z 5 (20 + 1)(20 + 3)(60 + 5)(60 + 7) 



2n 
n 



2k 
k 



x 



[2ra/3] 

E 

fc=[n/3] 

1 + k(-AH k + 4if„_ fc + 2H 2k - 2H 2 „-2k 

- 3i?3fe — 3i?3„_3fe + 3i?2n-3fe — 3i?3fe_„)) 
[(n-l)/3] „, / x 2 

(-1) 



3n — 3fc 
n 



2n 
n 

2fc 
k 



E 

fc=0 

2n 



, n 



-2k 



2k 

n — k 



n — 3k 

3n — 3k\ ( n 
n J \3k 



D = 9 4 + z(2950 4 + 5720 3 + 4240 2 + 1386* + 17) 
243 + 2z 2 (8430 4 + 7440 2 - 4730 2 - 4816* - fOl) 

+ 2z 3 (11290 4 - 5160 3 - 7250 2 - 1590 + 4) 
- 3z 4 (1730 4 + 3520 3 + 29O0 2 + 1140 + f 8) - 3 2 z 5 ( 



l) 4 



the reflection of #27 at infinity 



a formula for A n is not known 



D = 9 i + z(4f60 4 + 1O40 3 
+ z 2 (631680 4 + 315840 3 4 



2V(99OO8O0 4 



-360 2 - 160 - 11) 
f2f580 2 4- 48280 + 6973) 

- 33281) 
56615360 4-7849233) 



74256O0 3 + 3118280 2 4- 1926580 



244 



4- z 4 (62O354560 4 4- 62O354560 3 4- 263958080 

- 2 4 ■ 3z 5 (3564288O0 4 4- 445536OO0 3 4- 244681280 2 
4- 19161120 4-4807463) 

4- 2 5 ■ 3 2 z 6 (4O9328640 4 4- 613992960 3 4- 382937760 2 
4- 94965120 4-4807463) 

- 2 s • 3 5 z 7 (5391360 4 4- 9434880 3 4- 6475680 2 4- 2293200 4- 23377) 

4- 2 s -3 8 z 8 (120 4- 5) 2 (120 4- 7) 2 

the pullback of the 5th-order differential equation D'y — 0, where 



D' = 5 4- 2z(20 4- 1)(260 4 4- 520 3 
- f2z 2 (0 4- l) 3 (60 4-5)(60 4- 7) 



440 2 



180 4-3) 



2n - 2k 
n — k 



x (f 4- k(-8H k + 8H n _ k + 2H 2k - 2B 



2n-2k 



)) 
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# 


differential operator D and coefficients A ni n = 0, 1, 2, . . . 




D = 9 i - 3z(f 440 4 + 720 3 + 320 2 -40-5) 


0/1 K 
ZQo 


+ 3 2 z 2 (77760 4 + 77766> 3 + 4O860 2 + 8286> + 589) 




o3 o7 r 3/ooo/i4 , 409^3 , 9COfl2 , 01/1 i c\ 

+ 3 12 z 4 (40 + l) 2 (40 + 3) 2 






the pullback of the 5th-order differential equation D'y — 0, where 




D' = 5 - 6z(20 + 1)(180 4 + 360 3 + 340 2 + 166* + 3) 
+ 29f6z 2 (0 + 1) 3 (20 + l)(26 + 3) 






<=<lfx><:l(:)T\;X'r 




D = 5 2 4 - 2 2 • 5z(f 20 4 + 486> 3 + 490 2 + 250 + 5) 


246 


- 2 4 z 2 (5440 4 + 17920 3 + 24440 2 + 15806* + 405) 


+ 2 9 z 3 (f f 20 4 + 96O0 3 + 23O60 2 + 213061 + 685) 
+ 2 12 z 4 (1440 4 + 7680 3 + 13O80 2 + 9240 + 235) 
+ 2 20 z 5 (6» + l) 4 




ST fA 3 f2k\ 2 f2n-2k\ 2 
An -^\k) [k] [n-k] 




xfu k(-lHu 4- 7H u 4- AHoi, — 4Ho ou)) 

y\ y± ~r rv\ * J-J-k 1 1 ±± n — k ~ ^±i±2k ^- LJ -2n — 2k ) J 




D = 4 - 2 4 z(-1440 4 + 1920 3 + 1326> 2 + 360 + 5) 


247 


+ 2 13 z 2 (1120 4 - 51 20 3 + 980 2 + 506* + 13) 
- 2 2O z 3 (5440 4 + 3846> 3 + 3320 2 + 1080 + 21) 

-\- Z • DZ [ — LZu -\- Zou -\~ Zou -\- I J 

+ 2 4O -5 2 z 5 (0 + l) 4 




the reflection of #246 at infinity 




— E(:)" 3 e:) 5 e::f) 5 

k 








D = 3 2 4 - 3z(lO60 4 + 1460 3 + 1150 2 + 420 + 6) 

- z 2 (4511 4 + 243f40 3 + 378290 2 + 235980 + 5286) 

+ 2 2 z 3 (fO4570 4 + 32f840 3 + 244490 2 + 36270 - 1317) 

- 2 2 • f f z 4 (15960 4 + 2O4O0 3 - 1O10 2 - fO850 - 386) 


248 






- 2 4 • ff 2 z 5 (0 + 1) 2 (40 + 3)(40 + 5) 








x (1 + k(-6H k + QH n - k + H n+k - H 2n -k + 2H 2k - 2H 2n _ 2k )) 
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# 


differential operator D and coefficients A r 


n n = 


0, 1 


2 


249 


D = 5 2 (9 4 + 2 2 • 5z(1480 4 + 392(9 3 + 3410 2 + 1456* + 25) 
+ 2 4 z 2 (4O960 4 + 321286* 3 + 570166* 2 + 379206* + 9175) 
+ 2 8 z 3 (-66560 4 - 76S06I 3 + 3696O0 2 + 499200 + 16985) 
- 2 15 z 4 (5126> 4 + 48646> 3 + 9136 2 + 64646* + 1587) 
+ 2 2O z 5 (40 + 3) 2 (40 + 5) 2 


-(-r? ©(-;*)( 

x (l + k(-6H k + 6H n - k 


V)C 

+ H n+k — 




(2n - 2k\ 
\ n — k J 

k + 4#2fc 


2 


250 


D = 23 2 6* 4 - 23z(32710 4 + 50786* 3 + 38966* 2 + 13576* + 184) 
+ z 2 (13578636> 4 + 9999246* 3 - 7873936* 2 - 8508626* - 205712) 
+ 2 3 z 3 (-7757996» 4 + 2724810 3 + 2188216* 2 - 1767096* - 100234) 
+ 2 4 • 61z 4 (-1005<9 4 + 156546* 3 + 363176* 2 + 279386* + 7304) 
- 2 9 • 61 2 z 5 (6* + 1) 2 (46* + 3)(46* + 5) 


^(- i »"?(:) s (?; 

x (l + k(-5H k + 5£ 


\ (In - 2fc s 
j V n-k , 
l n -k + 2H, 


)(" 

+ 2k - 


+ 2k^ ^3n 

- 2H 3n -2k 


-2fc\ 
n J 

» 


251 


D = 6* 4 - 3z<9(270 3 + 186* 2 + 116* + 2) 

- 2 • 3 2 z 2 (396* 4 + 4806* 3 + 4746* 2 + 2766* + 64) 

+ 2 3 • 3 4 z 3 (3486> 4 + 11526* 3 + 17596* 2 + 11106* + 260) 

- 2 3 • 3 5 z 4 (34206> 4 + 159126* 3 + 284376* 2 + 205446* + 5296) 
+ 2 4 • 3 7 z 5 (11256> 4 + 125466* 3 + 310896* 2 + 264486* + 7480) 
+ 2 5 • 3 9 z 6 (13956> 4 + 32406* 3 - 33786* 2 - 71466* - 2696) 

- 2 7 • 3 11 z 7 (3516* 4 + 26466* 3 + 47676> 2 + 33096* + 800) 

- 2 7 • 3 13 z 8 (36* + 2)(36> + 4) (60 + 5) (66 + 7) 


^ = E( 

k 


K k) 


(?) 


(2n - 2k\ 
\n-k J 


(») 


/3n - 3fc N 
V n / 


) 


252 


D = 5 2 6* 4 - 5z(-366* 4 + 6366> 3 + 4886* 2 + 1706* + 25) 
+ 2 4 z 2 (-213016> 4 - 271486* 3 + 868896* 2 + 631106* + 14975) 
+ 2 8 z 3 (-195356> 4 + 2943156* 3 + 1264256* 2 - 543906* - 35755) 

- 2 10 • 59z 4 (-109816> 4 + 298786* 3 + 898116* 2 + 703726* + 17759) 

- 2 15 • 3 • 59 2 z 5 (36* + 2) (30 + 4) (40 + 3) (40 + 5) 


-?(:)GT( 2 : 

x (1 + k(-5H k + 5H n 


-2fc\ 2 /n + 2fc\ /3n-2fc\ 
— k J \ n J \ n j 

- k + 2H 2 k — 2H 2n -2k + 2i?„ 


+2k 


- 2i7 3 „_ 2 fc)) 
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# 


differential operator D and coefficients A n , n = 0, 1, 2, . . . 


253 


D = 4 - 2 2 z(640 4 + 320 3 + 156> 2 -0-2) 
+ 2 8 z 2 (960 4 + 960 3 + 530 2 + 136* + 8) 

9 12 7 3 C9 c ififl 4 4- ^Szlfl 3 -I- OA-APp- -X- RAf) -1- 7"! 

+ 2 18 z 4 (20 + 1) 2 (40 + l)(40 + 3) 




the pullback of the 5th-order differential equation D'y — 0, where 




D' = 5 - Az(26 + 1)(160 4 + 320 3 + 31(9 2 + 156* + 3) 
+ 16z 2 (0 + 1)(40 + 3) 2 (40 + 5) 2 




, ^ (n\ 2 (n + k\ (2n- k\ (2k\ 2 (2n- 2k\ 2 
A n-2^{ k ) { n { n \k { n-k ) 

x (f + k(—7H k + 7H n - k + H n+k - H 2 n-k + ^H 2k - ^H 2n - 2k )) 


254 


D = 6 4 + 2S(-26O80 4 + 5440 3 + 2OO0 2 - 726* - 15) 
+ 2 15 • 3z 2 (61280 4 - 2O80 3 + 23280 2 + 452(9 + 25) 
- 2 24 • 3 2 • 5z 3 (45920 4 + 34560 3 + 26320 2 + 8166* + 95) 
+ 2 38 • 3 3 • 5 2 z 4 (20 + 1) 2 (30 + 1)(30 + 2) 




v f n \ ( n + k \ ( 2n ~ k \ f 2n + 2k \ 2 ( An ~ 2k \ 2 

n ~ ^\k)\ n )\ n )\ n + k J \2n-k) 
x (l + k{—2Hk + 2H n -k — 3H n+ k + 3H 2n -k + ^H 2n +2k — 4i^4n-2fc)) 


255 


D = 4 + 2 2 z(2560 4 + 1280 3 + 770 2 + 130 - 2) 
+ 2 7 z 2 (3O720 4 + 30726> 3 + 19606> 2 + 5366> + 141) 

, nl2 3/-I aooAni . oac.'7(\q'A i i ar.'jaffi i ci qaq , 401 ~l 

+ 2 2 V(40 + 1)(40 + 3)(86> + 3)(80 + 5) 




the pullback of the 5th-order differential equation D'y = 0, where 




D' = 5 + Az(26 + 1)(640 4 + 1280 3 + 1410 2 + 776 + 17) 
+ 16z 2 (0 + I) (86 + 5) (86 + 7) (86 + 9)(80 + 11) 




(n\ 2 (n + k \(2n - k\ (Ak)\ (An - Ak)\ 
"~ ^\k) V n )\ n ) k\ 2 (2k)\ (n - k)\ 2 (2n - 2k)\ 
x (l + k(—5Hk + hH n -k + H n+ k — H 2n _k — ^H 2 k + 2H 2n - 2 k)) 


256 


D = 6 4 + 2 5 z(246 4 + 426 3 + 306 2 + 90 + 1) 
+ 2 8 z 2 (1640 4 + 1O40 3 - 1440 2 - 1006 - 17) 
+ 2 14 z 3 (280 4 - 480 3 - 440 2 - 120 - 1) - 2 18 z 4 (20 + l) 4 




^ (n\ 3 (n + k\ (2n - k\ (2n + 2k\ (An - 2k\ 
x (l + k(—AHk + AH n -k — H n+ k + H 2n -k + 2i?2ri+2fc — 2i7 4 „_2fe)) 
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# differential operator D and coefficients A n , n = 0, 1, 2, . . 

D = 9 4 - 2 4 z(1126» 4 + 4166> 3 + 28O0 2 + 720 + 7) 
" " ' + 2 12 z 2 (-6560 4 - 8966> 3 + 2166* 2 + 1606> + 23) 

- 2 2 V(966> 4 + 246> 3 + 129 2 + 69 + 1)- 2 30 z 4 (29 + f ) 4 

the reflection of #256 at infinity 



A n = (-iy 



2n\ 2 fn\ (2n + 2k\ f An - 2k\ (n + k\(2n-k 



n 



\k J V n + k J \ 2n — k J \n — k J \ k 

k 



x (l + k(—2H k + 2H n -k — H n+ k + H 2n -k — ^H 2k 

+ 2H 2n -2k + 2H 2n +2k — 2-ff4n-2fc)) 



D = 9 4 - 2 4 z(169 4 + 22A9 3 + 1569 2 + 440 + 5) 
+ 2 14 z 2 (-480 4 - 486» 3 + f 209 2 + 669 + 11) 
+ 2 22 z 3 (-160 4 + 1926* 3 + 1560 2 + 486> + 5) + 2 32 z 4 (20 + I) 4 



258 



the case is self-dual at infinity 



^ fn\ (n + k\ (2n - k\ (2k\ (2n - 2k\ (2n + 2k\ (An - 2k 
k)\ n )\ n )\k)\n-k)\n + k)\2n-k 



A n 

k 



x (1 + k(-AH k + AH n _ k - H n+k + H 2n -k + 2H 2k 
- 2H 2n - 2k + 2H 2n+2k — 2H± n _ 2k )) 



D = 9 4 + 2 ■ 3z(720 4 + 1O80 3 + 910 2 + 376* + 6) 
+ 2 2 • 3 3 z 2 (6480 4 + 18OO0 3 + 22116> 2 + 124861 + 260) 
+ 2 4 • 3 5 z 3 (13440 4 + 49686> 3 + 73206> 2 + 47496* + 1072) 
+ 2 6 • 3 7 z 4 (20 + 1)(6306 3 + 22410 2 + 26170 + 971) 
+ 2 8 • 3 lo z 5 (20 + 1)(26> + 3) (60 + 5) (60 + 7) 



259 



2n\ [2 ^ 31 fn\ 2 (2k\ (2n - 2k\ (3k\ (3n - 3k 



\n ) '-^ \kj\kj\n — kj\nj\ n 

v 7 fc=[ n /3] V ' K ' V /\/\ 

x (1 + k(-AH k + AH n _ k + 2H 2k - 2H 2n _ 2k 

+ 3H 3k — 3i?3„_3fc + 3i?2n-3fe — 3i?3fe_„)) 



k=0 

2k\ (2n - 2k\ /3n - 3k 



k I V n — k I \ n I \3k 



n 



80 



41 
ft 




260 


D = 5 2 9 4 + 2 2 • 5z(5969 4 + 5446» 3 + 3979 2 + 1259 + 15) 
+ 2 4 • 3£ 2 (300486> 4 + 147846* 3 - 133126> 2 - 10940(9 - 2115) 
+ 2 8 • 3 3 z 3 (63686> 4 - 67206> 3 - 90526> 2 - 40806* - 655) 
- 2 12 • 3 6 z 4 (26» + 1) 2 (766» 2 + 1966* + 139) 
-2 16 -3 9 2 5 (20 + l) 2 (20 + 3) 2 




(2n\ ^ fn\ ( 2k \ f 2n - 2k\ 
An =\n) 2^ \k) [n-k { k ) 

V 7 k=[n/3] V 7 V 7 V 7 

x (1 + k(-AH k + 4i?„_ fe + 2H 2k - 2H 2n _ 2k + 3H 2n _ 3k - 3H 3k _ n )) 

<fTW+--(:)t"r)(7/r 


261 


L> = 5 2 6> 4 + 2 2 • hz(2929 4 + 3680 3 + 2896> 2 + 1056* + 15) 
+ 2 4 z 2 (24736<9 4 + 436486> 3 + 389366» 2 + 189800 + 3735) 
+ 2 9 • 3 2 z 3 (25126» 4 + 57606» 3 + 63286> 2 + 33306* + 655) 
+ 2 12 • 3 4 z 4 (26> + 1)(2326> 3 + 5886> 2 + 5906> + 207) 
+ 2 18 • 3 6 z 5 (6> + 1) 2 (26> + I) (299 + 3) 




(2n\ [ ^4 J (n\ 2 (2k\(2n-2k\( 2k \(2n-2k\ 
n ~{n) k ^ /3] {k) [k){n-k ){n-k){ k ) 

x (1 + k(-hH k + hB n - k + 4H 2k - 4H 2n _ 2k + 3H 2n _ 3k - 3tf 3 fc-n)) 

^(^"I'Vd-^IC') 2 




/9h\ /9r> — 0Jc\ /On — 0h\ fn — h\ ~ l 

X \k )\ n-k )\ k )\ 2k J 


262 


D = 5 2 9 4 + 2 2 • 5z(1366> 4 + 2246> 3 + 1976> 2 + 856» + 15) 
+ 2 4 z 2 (55846» 4 + 161926> 3 + 219246> 2 + 148006> + 3955) 
+ 2 n z 3 (6086> 4 + 22806* 3 + 36426» 2 + 27456» + 780) 
+ 2 14 z 4 (4646> 4 + 18886> 3 + 29566> 2 + 20 1 26 1 + 501) + 2 24 z 5 (6» + l) 4 




^ fn\f2k\ f2n-2k\ 1 2k \/2n-2fc\ 
n= ^ {k {k {n-k {n-k { k ) 

fe=[8n/3] \ / \ / \ / 

x (1 + k(-6H k + m n - k + 6H 2k - 6H 2n -2k + 3H 2n _ 3k - 3H 3k _ n )) 

, „ [( "^ /31 , 1 v n+k n - 2k fn\ (2k\ 2 (2n - 2k\ 2 (2n -2k\(n-ky 
+ 6 fa { ij n-3k{kj\k) [n-k J { k ){ 2k ) 


263 


D = 9 4 + 2 4 z(4646» 4 - 326> 3 + 766» 2 + 926* + 21) 
+ 2 15 z 2 (6086» 4 + 1526* 3 + 4506> 2 + 1316* + 5) 
+ 2 22 z 3 (55846> 4 + 6UA9 3 + 68526> 2 + 28086> + 471) 
+ 2 34 • 5z 4 (1366» 4 + 3206> 3 + 3416» 2 + 18161 + 39) + 2 46 z 5 (6» + l) 4 




the reflection of #262 at infinity 




a formula for A n is not known 
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# differential operator D and coefficients A n , n = 0, 1, 2, . . . 

D = 9 4 — 2 4 z(-33920 4 + 93440 3 + 57646> 2 + 10926> + 93) 
264 + 2 17 • 3z 2 (-19520 4 - 152OO0 3 + 77586> 2 + 25930 + 323) 

+ 2 26 • 3 2 • 7z 3 (-115840 4 + 69120 3 + 53640 2 + 16320 + 167) 
+ 2 42 ■ 3 3 ■ 7 2 z 4 (20 + 1) 2 (30 + 1)(30 + 2) 

R-n ( 2n \ 2 ( U \ ( 2k \ ( 2fl ~ 2k \ ( 2fl + 2fc ^ 2 ( Afl ~ 2k 

" UJ {hwUJKn-k ){n + k ) 



fc=0 

2n\"V 2n x 



(l + fc(— 2iJfc + 2H n _k — 3H n+ k + 3H 2n -k 



k ) \n— k, 

+ 2i?2fe — 2_ff 2 n-2fe + 4:H 2n +2k — 4i?4n-2fc)) 

<A n + 2fc /2n + fc\ /2n + 2fc\ /2n - 2fc\ 2 /4n + 2fc\ ' 
^ ft V 2n 7ln + ft7Vn-fc7V2n + ft7 

k=l 



X 



2fc\ Y n+fc \ V 2n 

ft 7 V n 7 \n + k 



D = 4 - 2 4 • 3z(-960 4 + 960 3 + 60 2 + 126* + 1) 
265 + 2 13 • 3z 2 (2880 4 - 1446> 3 + 5260 2 + 206(9 + 27) 

+ 2 20 • 3 3 z 3 (2880 4 + 8640 3 + 6520 2 + 2046> + 23) 
+ 2 30 • 3 5 z 4 (20 + 1) 2 (30 + 1)(36> + 2) 



n\ 3 (n + k\ (In - fc\ (In + 2ft\ 2 /4n - 2ft^ 2 



n 7 V n J \ n + k / \ 2n — k 

k /N ' N /N 

x ( 2 ™) ( n 2 " & ) ' (1 + H-ZH k + 3i7„_ fe - 2H n+k 
+ 2H 2n -k + 4:H 2n +2k — 4:H 4n _2k)) 

D = 5 2 4 - 3 • 5z(270 4 + 1O80 3 + 1240 2 + 70(9 + 15) 
266 - 3 2 z 2 (27540 4 + 9O720 2 + 130146* 2 + 89100 + 2440) 
+ 3 5 z 3 (11340 4 + 972O0 3 + 231666> 2 + 213300 + 6890) 
+ 3 8 z 4 (7290 4 + 38 886> 3 + 66O60 2 + 46620 + 1184) + 3 15 z 5 (0 + l) 4 



A, ^ 



n\ 3 (3fc)! (3n-3ft)! 



13 



\k J ft! 3 (n — k) 
x (1 + k(-6H k + 6H n _ k + 3H 3k - 3H 3n _ 3k )) 



D = 6 A + 3 2 z(7290 4 - 9 726> 3 - 6846> 2 - 1986* - 31) 
267 + 2 • 3 8 z 2 (5670 4 - 25920 3 + 405(9 2 + 1890 + 70) 

- 2 • 3 14 z 3 (13770 4 + 9720 3 + 11610 2 + 4590 + 113) 
+ 3 22 ■ 5z 4 (-270 4 + 380 2 + 380 + 12) + 3 30 ■ 5V(0 + I) 4 

the reflection of #266 at infinity 

a formula for A n is not known 
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# 




268 


D = 5 2 6> 4 - 2 2 • 3 • 5z(1086* 4 + 4326> 3 + 6616* 2 + 4456* + 105) 
- 2 4 • 3 2 z 2 (440646* 4 + 145156> 3 + 2390046* 2 + 1863006* + 58045) 
+ 2 9 • 3 5 z 3 (90726» 4 + 77606* 3 + 1809546* 2 + 1649706* + 53965) 
+ 2 12 • 3 8 z 4 (116646» 4 + 622086* 3 + 1049406* 2 + 738366* + 18659) 
+ 2 20 • 3 15 z 5 (6 + l) 4 


A n = J 

k 

X 


^/n\ 3 (6fc)! (6n-6fc)! 


^ \k) fc!(2fc)!(3fc)! (n - fc)!(2n - 2fc)!(3n - 3fc)! 
(1 + k(-AH k + 4H n _ k + 6H 6k - 6H 6n _ 6k - 3H 3k 
+ 3H 3n - 3k - 2H 2k + 2H 2n -2k)) 


269 


D = 6 4 + 2 4 • 3 2 z(116646* 4 - 155526* 3 - 117006* 2 - 39246* - 781) 
+ 2 13 • 3 8 z 2 (90726> 4 - 414726* 3 + 2106 2 - 546* + 1261) 

- 2 20 • 3 14 z 3 (440646' 4 + 311046 13 + 679326 12 + 325086* + 9661) 

- 2 30 • 3 22 • 5z 4 (1086* 4 + 136* 2 + 136* - 3) 
+ 2 40 -3 30 -5 2 2 5 (6* + l) 4 


the reflection of #268 at infinity 


a formula for A n is not known 


270 


D = b 2 6 4 - 2 2 • 5z(486* 4 + 1929 3 + 2516* 2 + 1556* + 35) 
- 2 4 z 2 (87046* 4 + 286726* 3 + 436646* 2 + 317606* + 9265) 
+ 2 n z 3 (17926> 4 + 153606* 3 + 362486* 2 + 332406* + 10795) 
+ 2 16 z 4 (23046> 4 + 122 886* 3 + 208 1 66* 2 + 146 726* + 37 1 9) + 2 30 z 5 (6* + l) 4 


-=?(: 

x (l + fc(- 


\ 3 (4fc)! (4n-4A)! 

) fc! 2 (2fc)! {n-k)\ 2 {2n-2k)\ 

-5H k + 5iJ„_ fe + AH 4k - 4H 4n _ 4k + 2H 2n _ 2k - 2H 2k )) 


271 


D = 9 4 - 2 4 z(-23046* 4 + 30726* 3 + 22246* 2 + 6686* + 121) 
+ 2 17 z 2 (17926* 4 - 81926* 3 + 9206* 2 + 3446* + 235) 
- 2 28 z 3 (87046* 4 + 61446* 3 + 98726* 2 + 43686* + 1201) 
+ 2 44 • 5z 4 (-486* 4 + 376* 2 + 376* + 13) + 2 60 • 5 2 z 5 (6* + l) 4 


the reflection of #270 at infinity 


a formula for A n is not known 


272 


D = 5 2 6* 4 - 2 2 • 3 • 5z(13326* 4 + 35286* 3 + 32896* 2 + 15256* + 285) 
+ 2 4 • 3 2 z 2 (3317766* 4 + 16023686* 3 + 4533336* 2 + 29966406* + 724415) 
+ 2 8 • 3 5 z 3 (5391366* 4 + 6220806* 3 - 30248646* 2 - 40089606* - 1315985) 

- 2 15 • 3 8 z 4 (414726> 4 + 3939846* 3 + 7359846* 2 + 5109126* + 120811) 

- 2 20 • 3 n z 5 (126* + 7)(126* + 11)(126* + 13)(126* + 17) 


( 6 

X (n- k)\(2n 
- H 2n _ k + 


/n + k\/2n-k\ (6fc)! 
\ n )\ n ) k\(2k)\(3k)\ 
n — 6fe)' 

- 2fc)!(3n - 3fc)! ' ^ + H 3Hk + 3Hn - k + Hn+k 
QH 6k - 6iJ 6 „_ 6fe - 3H 3k + 3iJ 3 „_ 3 fe - 2H 2k + 2H 2n - 2k )) 
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# 



differential operator D and coefficients A n , n — 0, 1, 2, 



273 



D = 5 2 4 - 3 • 5;j(3330 4 + 8820 3 + 7810 2 + 3406* + 60) 
+ 2 2 • 3 2 z 2 (51840 4 + 4O6620 3 + 718290 2 + 477006* + f f 540) 
+ 2 2 • 3 5 z 3 (84240 4 + 972O0 3 - 468990 2 - 630450 - 2f260) 

- 2 4 • 3 8 z 4 (12960 4 + 123126* 3 + 23O940 2 + f 62630 + 3956) 

- 2 6 • 3 n z 5 (30 + 2)(36> + 4)(66> + 5) (60 + 7) 



_ fn\ (n + k\ (2n - k\ (3k)\ (3n - 3fc)! 
"~^U/V « / V « /"fc! 3 " (n-fc)! 3 



fc 



x 



(f + k(—5H k + 5H n - k + i/„+fc — H 2n -k + 3H 3 k — 3H 3n - 3k )) 



274 



D = 5 2 4 - 5z(7570 4 + 12986> 3 + 1O490 2 + 400(9 + 60) 
+ 2 2 • 3 2 z 2 (54560 4 + 174980 3 + 221210 2 + 119400 + 2340) 

- 2 2 • 3 4 z 3 (151286» 4 + 68O4O0 3 + 1121710 2 + 738450 + 16380) 
+ 2 4 • 3 8 z 4 (20 + 1)(2160 3 + 8640 2 + 10150 + 356) 

- 2 6 • 3 lo z 5 (20 + 1)(20 + 3)(30 + 2) (30 + 4) 



[2n/3] 



(2n\ ^3fc^ (3n - 3fc^ (3fc)! (3n - 3fc)! 

x (l + k(—3H k + 3H n -k + 6i? 3 fe — 6i?3„_ 3 fc + 3H 2n -3k — 3i?3fe_„)) 



..-3fc fc! 3 (n-fc)! 3 V n / V3fc 
fe=0 v ' v / \ 



275 



D = 5 2 4 - 2 2 • 5z(5920 4 + 15680 3 + 14190 2 + 6350 + 115) 
+ 2 4 z 2 (65530 4 + 514O480 3 + 9O28160 2 + 5984000 + 144735) 
+ 2 lo z 3 (lO64960 4 + 12288O0 3 - 5948160 2 - 7948800 - 265065) 

- 2 19 z 4 (81920 4 + 778240 3 + 1457280 2 + 1020160 + 24527) 

- 2 26 z 5 (80 + 5) (80 + 7) (80 + 9) (80 + 11) 



_ ^ fn\ (n + k\ (2n- k\ (4fc)! (4n-4fc)! 



k 

X 



VwV n J\ n J k\ 2 {2k)\ (n-fc)! 2 (2n-2fc)! 
(1 + k(-AH k + 4i?„_ fe + H n+k - H 2n -k 
+ 4:H 4k — AH in - ik + 2H 2n -2k — 2.ff2fe)) 



276 



D = 4 + 2 4 • 3z(-184320 4 + 46O80 3 + 1O240 2 - 12800 - 221) 
+ 2 17 • 3V(253440 4 - 23O40 3 + 1168O0 2 + 14720 - 33) 
- 2 28 • 3 8 z 3 (184320 4 + 138240 3 + 113920 2 + 32640 + 359) 
+ 2 46 • 3 12 z 4 (20 + 1) 2 (30 + 1)(30 + 2) 



_ /2n\ (2n + 2fc\ Un - 2k\ (6fc)! 
n ~\n)^\n + k )\2n-k) fc!(2fc)!(3 



x 2n-fc J fc!(2fc)!(3fc)! 

(l + k(-H k + H n - k - 2H 2k + 2H 2n - 2k 



(n-fc)!(2n-2fc)!(3n-3fc)! 
- 3H 3k + 3H 3n - 3k + 6H 6k - 6H en - 6k + 2H 2n+2k - 2_ff 4 „_2fe)) 
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# differential operator D and coefficients A n , n = 0, 1, 2, . . . 

D = 6 4 - 2 4 z(-5766> 4 + f 1526> 3 + 72A9 2 + I486* + 13) 
2 " + 2 17 z 2 (-326» 4 - 9926> 2 + 1666> 2 + 576» + 6) 

- 2 26 ■ 3z 3 (8326> 4 + 7686> 3 + 5566> 2 + 1926> + 25) - 2 40 • 3 2 z 4 (26> + I) 4 

the reflection of #55 at infinity 



A n = 



2n\ 2 (n\ /2fc\ (2n - 2fc\ (2n + 2fc\ Un - 2k 
n ) ^\k)\k)\n-k )\n + k )\2n-k 

x (l + k(—3Hk + 3i/„_fe + 2H 2 k — 2H 2n -2k + 2H 2n -k 
+ 2H n+ k + 2H 2n +2k — 2Hi n - 2 k)) 

D = 6 4 - 3z(2796> 4 + 882(9 3 + 6416> 2 + 2006* + 24) 

278 + 2 • 3 5 z 2 (-726» 4 + 17106> 3 + 36656» 2 + 18646* + 296) 
+ 2 2 ■ 3 9 z 3 (9096» 4 + 38886> 3 + 30826> 2 + 9186" + 92) 
+ 2 4 ■ 3 15 z 4 (26> + 1) 2 (36> + 1)(36> + 2) 

_ (2n\ 2 /3n\ ^ (3fc)! (3n - 3fc)! (n + fc\ _1 /2n - fc 
n ~\n) \n ) ^ fc! 3 (n- fc)! 3 V n ) \ n 

D = 17 2 6 4 + 17z(2866» 4 + 7346» 3 + 6566 2 + 2896* + 51) 

279 + 3 2 z 2 (41106» 4 + 220746> 3 + 372096» 2 + 262656» + 6800) 
3 5 z 3 (15216> 4 + 73446> 3 + 129366* 2 + 99456* + 2822) 
3 8 z 4 (1236 |4 + 5526> 3 + 8796» 2 + 6036» + 152) - 3 12 z 5 (6> + l) 4 



k /n\n~2k(3ky.(3n-3ky. / n \/3fcY 
^ ^ ' \k)n-3k fc! 3 (n-fc)! 3 \3n-3k)\n) 

fc=[2(n+l)/3] \j_ V ' V / \ / 

D = 9 4 + 3 2 z(1236» 4 - 606> 3 - 396> 2 -90-1) 
+ 3 5 z 2 (15216> 2 - 12606» 3 + 306» 2 - 210 - 10) 
+ 3 8 z 3 (41106» 4 - 56346> 3 - 43536< 2 - 16296> - 220) 
- 3 12 ■ 17z 4 (2866> 4 + 4106> 3 + 170(9 2 - 356* - 30) + 3 18 ■ 17V(0 + l) 4 

the reflection of #279 at infinity 

a formula for A„ is not known 



280 
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# 


differential operator D and coefficients A n , n = 0, 1, 2, . . . 


281 


D = 6 4 + z(3280 4 + 820 3 + 330 2 - 80 - 7) 
+ z 2 (528440 4 + 264220 3 + 117716* 2 - 34720 - 3676) 
+ z 3 (528O4720 4 + 396O3540 3 + 19328930 2 - 378640 + 197467) 
+ z 4 (3559559260 4 + 3559559260 3 + 1888335410 2 

+ 391499360+ 53236566) 
+ 5z 5 (33OO295OOO0 4 + 412536875O0 3 + 23631613750 2 

+ 7895842500 + 300065632) 
+ 5 6 z 6 (33O275OO0 4 + 4954125O0 3 + 3O4761250 2 + 109977500 + 305303) 
-i- f; 11 r 7 ('9n c innnfl 4 -i- ^ST^nfl 3 -i- 9'? c ,s7 c ,fl 2 4- 71 7^n# -i- ri iu\ 

o z ^zuduuuc t ojoi ovu t ioooiOt/ ^ 1 1 1 ouu t uiui j 
+ 5 16 z 8 (50 + 1)(50 + 2)(50 + 3)(50 + 4) 




the pullback of the 5th-order differential equation D'y = 0, where 




D' = 5 + z(20 + 1)(410 4 + 820 3 + 740 2 + 330 + 6) 
+ 5z 2 (0 + 1)(50 + 3)(50 + 4)(50 + 6)(50 + 7) 




^ k n-2k (n + k\(2n- k\ 
An ~ 3 ,^ ,} ' n-3k{ n { n 

fc=[2(n+l)/3] V 7 V 7 
CVfV C\n — ^k\\ / n \ /^k\ _1 

X fc! 3 (n-k)l 3 \3n-3k)\n) 


282 


D = 5 2 4 - 2 2 • 5z(13480 4 + 7520 3 + 5210 2 + 1450 + 15) 
+ 2 4 • 3 4 z 2 (56960 4 - 17920 3 - 73O40 2 - 37400 - 585) 
+ 2 10 • 3 8 z 3 (-2O0 4 + 36O0 3 + 2890 2 + 900 + 10) 
-2 12 -3 13 z 4 (20+l) 4 




1 ( U n f \ V ( \f \ (3fc)! (3n-3fc)! 
" 1 ' \n ) -f- • \Zk)\Zn-Zk) fc! 3 (n-fc)! 3 

x (1 + k(-3H k + 3ff„_ fe + 3ff 2 „_3fc - 3ff 3fe _„)) 
J2n\ l{n ^l /3] +k n-2k (3fc)! (3n-3fc)! / 2n A/^fcV 1 
+ ho 2n-3fc fc! 3 (n-fc)! 3 ^3n-3fcJ^2nJ 


283 


D = 9 4 + 2 2 z(2O0 4 + 4OO0 3 + 2810 2 + 810 + 9) 
- 2 4 • 3z 2 (56960 4 + 131840 3 + 39280 2 + 6280 + 39) 
+ 2 10 • 3 2 • 5z 3 (13480 4 + 19440 4 + 14150 2 + 4860 + 63) 
-2 12 -3 7 -5V(20 + l) 4 




the reflection of #282 at infinity 




a formula for A n is not known 
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# 


differentia] 


operator D and coefficient 


:s A n , n 


= 0,1,2, . .. 


284 


D = 38 2 6< 4 - 38z(30146> 4 + 58786 13 + 47256< 2 + 17866* + 266) 
+ z 2 (689717(9 4 + 23055026I 3 + 3057079(9 2 + 18100546' + 402002) 

- z 3 (1438808(9 4 + 5812350(9 3 + 9142457(9 2 + 62959926* + 1576582) 
+ z 4 (1395491(9 4 + 5075392(9 3 + 6297445(9 2 + 3375833(9 + 663471) 

- z 5 (834163(9 4 + 26572240 3 + 24077686 12 + 6040056* - 52928) 
+ z 6 (277543(9 4 + 6924840 3 + 572576(9 2 + 148359(9 - 4832) 

+ llz 7 (46256> 4 + 9 1 00(9 3 + 6395(9 2 + 1845(9 + 178) - ll 2 z 8 ((9 + l) 4 


^ = E 

k,l 


CD 





cr) 


( n :D 


K k + l){ 


'n + k - l\ 
, n-l J 


285 


D = 11 2 6» 4 + llz(4625(9 4 + 94006» 3 + 68456» 2 + 21456» + 253) 

- z 2 (8341636» 4 + 4176886» 3 + 160382(9 2 + 295136 1 + 4444) 

+ z 3 (8341636» 4 + 6794286» 3 - 558926(9 2 - 423489(9 - 72226) 

- z 4 (139 5 491(9 4 + 50 6 5 726* 3 - 555785(9 2 - 42 5 1 556* - 948 1 8) 
+ z 5 (143 8 8 08(9 4 + 571186* 3 + 338255<9 2 + 307104(9 + 49505) 

- z 6 (68 9 71 7(9 4 + 45 3 3 66(9 3 + 2788756> 2 + 146466(9 + 33242) 

+ 38z 7 (3014(9 4 + 61786 13 + 51756* 2 + 2086(9 + 341) - 38V(6> + l) 4 


the reflection of #284 at infinity 




a 


formula for A n is not known 




286 


D = 3 2 (9 4 - 3 2 z(386> 4 + 82(9 3 + 67(9 2 + 266* + 4) 
+ 3z 2 (20 45(9 4 + 5702(9 3 + 7535(9 2 + 4170(9 + 852) 
+ 2 3 • 3z 3 (2208(9 4 + 5925(9 3 + 79256> 2 + 5607(9 + 1512) 
+ 2 3 z 4 (602876» 4 + 563746» 3 - 2159836* 2 - 2689866 1 - 85452) 

- 2 4 z 5 (205651(9 4 + 605608(9 3 + 603579(9 2 + 204622(9 + 8104) 
+ 2 7 z 6 (-514146> 4 + 2 7 3 2 6 7(9 3 + 50 2 7 006* 2 + 30 5 6 49(9 + 63 3 98) 
+ 2 8 • 37z 7 (79096> 4 + 18122(9 3 + 175956* 2 + 84626> + 1672) 

- 2 13 • 37 2 z 8 ((9 + 1) 2 (4(9 + 3)(46> + 5) 


A n — 


E 

k.l 





00;% 


n \ /2k 
-l)\n 


)(») 


287 


D = 21 2 6> 4 - 21z(32896» 4 + 6098(9 3 + 4645(9 2 + 1596(9 + 210) 
+ 2V(38 5 60(9 4 - 230840(9 3 - 53 4 4 2 5(9 2 - 337050(9 - 68 145) 
+ 2 4 z 3 (1066366 |4 + 493416<9 3 + 42021K9 2 + 11636 16 1 + 60 90) 

- 5 • 2 8 z 4 (2(9 + 1)(19 1 6(9 3 + 2622(9 2 + 10776> + 91) 

- 5 2 • 2 12 z 5 ((9 + 1) 2 (26 ) + 1)(26 ) + 3) 


A n = 




hi 


00 






(A) 
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# 


differential operator D and coefficients A n , n = 0, 1, 2, . . . 


288 


D = 6 4 - 2 4 z(4966* 4 + 15686> 3 + 10606* 2 + 2760 + 27) 
+ 3 • 2 15 z 2 (-326* 4 + 7606> 3 + 157O0 2 + 6516> + 81) 
+ 3 2 2 22 z 3 (1616(9 4 + 69126> 3 + 5092(9 2 + 14166> + 135) 
+ 3 3 2 3 V(36> + I) (36 + 2) (40 + 1)(40 + 3) 




f2n\ /3n\ /4n\ (4fc)! (4n-4fc)! 
n ~ \n)\n)\n) ^ k\ 2 (2k)\ (n - k)\ 2 (2n - 2k)\ 

fn -4- h\ ~ 4 /9n — h\ ~ 4 

X I - ) [ n ) 


289 


D = 9 4 — 2 4 z(4OO0 4 + 272O0 3 + 17520 2 + 3926> + 33) 
+ 2 15 z 2 (-42720 4 - 62886» 3 + 31840 2 + 14846* + 177) 
+ 2 24 • 5z 3 (-46880 4 + 15366> 3 + 13840 2 + 3360 + 27) 
+ 2 36 • 5 2 z 4 (20 + 1) 2 (40 + 1)(40 + 3) 




A " = (t) S (*) (" » *) ('"n *) C'k) („ - *) 
(2n + 2k\ (An - 2k\ (2k\ l (2n-2k\ 1 , . 


290 


£> = 4 + 3z(-2790 4 + 252(9 3 + 1606» 2 + 346* + 3) 
+ 2 • 3 5 z 2 (4230 4 - 4686> 3 + 4570 2 + 2156* + 37) 
- 2 ■ 3 9 z 3 (5310 4 + 12960 3 + 12430 2 + 5676* + 104) 
+ 3 15 • 5z 4 (510 4 + 12O0 3 + 1260 2 + 666* + 14) 
-3 2O -5 2 z 5 (0 + l) 4 




the reflection of #17 at infinity 




a formula for A n is not known 


291 


D = 4 - z(5660 4 + 340 3 + 620 2 + 456* + 9) 
+ 3z 2 (3937O0 4 + 173O20 3 + 224930 2 + 83696* + 1140) 
- 3 2 z 3 (12152150 4 + 14327280 3 + 12741220 2 + 5382456* + 93222) 
+ 3 7 ■ 61z 4 (3O290 4 + 65446» 3 + 61350 2 + 28630 + 548) 
-3 12 -61 2 z 5 (0 + l) 4 




the reflection of #124 at infinity 




a formula for A n is not known 


292 


D = 3 2 4 - 2 2 • 3z(46360 2 + 79280 3 + 53470 2 + 13836* + 126) 
+ 2 9 z 2 (59O480 4 + 5O8880 3 - 262480 2 - 168276* - 2205) 
+ 2 16 • 7z 3 (-9OO40 4 + 23046* 3 + 25116* 2 + 5046* + 27) 
- 2 24 • 7 2 z 4 (20 + 1) 2 (40 + 1)(40 + 3) 







SS 



# 



differential operator D and coefficients A n , n = 0, 1, 2, 



293 



D = 9 4 - 2 2 z(540 4 + 660 3 + 496» 2 + 160 + 2) 
+ 2 4 z 2 (4170 4 - 3066> 3 - 12190 2 - 7760 - 154) 
+ 2 8 z 3 (1660 4 + 192O0 3 + 15890 2 + 4320 + 23) 

- 2 12 • 7z 4 (20 + 1)(380 3 + 450 2 + 120 - 2) 

- 2 14 • 7 2 z 5 (0 + 1) 2 (20 + 1)(20 + 3) 



^00 



k + l\ (2k\ (2l\ ( 2n 
n J \ n J \n J \k + / 



294 



D = 4 + 2 4 z(-188OO0 4 + 146240 3 + 81840 2 + 8720 + 33) 
+ 2 18 z 2 (lO17440 4 - 1O792O0 3 + 749680 2 + 151000 + 1191) 
- 2 30 • 17z 3 (4OO480 4 + 491520 3 + 358480 2 + 107520 + 1143) 
+ 2 50 • 17 2 z 4 (20 + 1) 2 (40 + 1)(40 + 3) 



(4n)! (2n\ (n + 2k\ (3n - 2fc\ (2n + 4fc\ (6n - Ak 

n ~ n! 2 (2n)! ^ \2k) \ k ) \ n - k ) \ n + 2k ) \3n - 3k 

x (l + k(—Hk + H n -k — H n+ k + H 2n -k — 2i?2fc + 2_ff2n-2fe 
+ 2H 3n _ 2k - 2H n+2k + 4H 2n+ik - 4tf 6 „_ 4fe )) 



295 



D = 4 + 2 4 z(8160 4 - 144O0 3 - 9O40 2 - 1840 - 17) 
+ 2 18 z 2 (8O0 4 - 5920 3 + 4320 2 + 1640 + 23) 
+ 2 3O z 3 (-8O0 4 + 3840 3 + 2960 2 + 960 + 11) 
+ 2 4 'V(20+1) 4 



A n — 



3n\ (2k\ (In - 2fc\ (2n\ (n + 2k\ 
\ \k )\ n - k ) \2k) \ k ) 

3n - 2k\ (2n + 4k\ ( 6n - 4k\ ( 3n \ _1 



n-k ) V n + 2k J \3n - 2k J \n + k 
x (l + k(-3H k + 3H n - k — 2H n+2 k + 2H 3n - 2 k + 4_ff 2 n+4fe — 4_ff 6 „_ 4fc )) 
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D = 4 - 2 4 z(50 4 + 340 3 + 250 2 + 80 + 1) 
+ 2 n z 2 (50 4 + 470 3 + 9O0 2 + 470 + 8) 
2 16 z 3 (510 4 + 1920 3 + 1550 2 + 480 + 5) 
+ 2 2 V(20 + 1) 4 



the reflection of #295 at infinity 



a formula for A n is not known 
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D = 7 2 4 - 2 • 7z0(52O0 3 + 680 2 + 410 + 7) 

- 2 2 • 3z 2 (948O0 4 + 1539120 3 + 2128930 2 + 1080800+ 18816) 
+ 2 4 • 3 3 z 3 (939680 4 + 3415440 3 + 3195920 2 + 1258530 + 18242) 

- 2 6 • 3 7 z 4 (20 + 1) 2 (22570 2 + 36010 + 1942) 
+ 2 11 -3 n z 4 (20 + l) 2 (20 + 3) 2 



, / 2n\ ^ (n\ (2n\ ( 2k \ (2n - 2k 

A n 



n 



^ \k ) \2k J \n — k J \ k 

k 
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# 



differential operator D and coefficients A n , n = 0, 1, 2, 



298 



D = 3 4 6* 4 - 3 2 z(19936* 4 + 32186* 3 + 24376> 2 + 8286* + 108) 
+ 2 5 z 2 (174866* 4 + 251846* 3 + 122396* 2 + 27906* + 297) 

- 2 8 z 3 (236206* 4 + 347766* 3 + 289056* 2 + 124476* + 2106) 
+ 2 15 z 4 (26> + 1)(3406* 3 + 6186* 2 + 4556*0129) 

- 2 22 z 5 (6* + 1) 2 (26* + 1)(26* + 3) 



k,l 



kj\lj\ k J\ n I \k + l 



n\ fn\ (k + A (k + l\ ( 2n 
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D = 6* 4 - 6z(1446* 4 + 366* 3 + 476* 2 + 296* + 6) 
+ 6 2 z 2 (83766* 4 + 66486* 3 + 81576* 2 + 39006* + 724) 

- 6 4 z 3 (426726* 4 + 686166* 3 + 810566* 2 + 448416* + 9964) 

+ 2 6 • 3 5 z 4 (3740286> 4 + 9620406* 3 + 12620916* 2 + 7944636* + 195335) 

- 2 8 • 3 7 z 5 (6338406> 4 + 22433286* 3 + 34059686* 2 + 23852086* + 6529129) 
+ 2 12 • 3 8 z 6 (4389606* 4 + 18843846* 3 + 31766646* 2 + 23803926* + 652943) 

- 2 19 • 3 10 z 7 (57606> 4 + 251286* 3 + 395486* 2 + 266066* + 6517) 
+ 12 n z 8 (66* + 5) 2 (66* + 7) 2 



A n = (-1) 



2n\ l2 ^ ] fn\ 3 f2k\ (In - 2k\ /3fc\ fin - 3fc\ f2n s 



n 



^ \k J \ k J \ n — k J \ n J \ n ) \ 2k / 

k=[n/3] 



x (1 + k{-5H k + 5H n - k + AH 2k - AH 2n -2k 

+ 3i?3fe — 3i?3fe_„ + 3H 2n -3k — 3H 3n -3k)) 



+ 3 



2n\ l{n Jl /3] / , n - 2fc /n\ 3 [2k\ (2n - 2k 



y ,_ 1)k n-2k(n\ /S 
n ^ V ' n~3k\kj \k \ n-k 

k=0 - ■ 



3n — 3fc\ / 2n 



n J \2kJ \3fc 



n 
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D = 9 4 + 2 4 z(3716* 4 + 8626* 3 + 5916* 2 + 1606* + 15) 
+ 5 • 2 n z 2 (2246> 4 + 20696* 3 + 32776* 2 + 13636* + 159) 
- 5 2 • 2 16 z 3 (20896> 4 + 75006* 3 + 55336> 2 + 15006* + 135) 
+ 5 3 • 2 23 z 4 (56> + 1)(56> + 2)(56* + 3)(56* + 4) 



k 



301 



D = 11 2 6* 4 - llz(15176> 4 + 31366* 3 + 23936* 2 + 8256* + 110) 

- z 2 (903626* 4 + 2076206* 3 + 2021666* 2 + 1069536* + 24266) 

- z 3 (2457146* 4 + 5079966* 3 + 4150826* 2 + 2174376* + 53130) 

- z 4 (4078636* 4 + 7859726> 3 + 5647866* 2 + 1832696* + 15226) 

- z 5 (4348316* 4 + 7901486* 3 + 7283236* 2 + 2798266* + 25160) 

- 2 3 z 6 (363616> 4 + 702816* 3 + 733436* 2 + 379476* + 7644) 

- 2 4 • 5z 7 (13076* 4 + 34306* 3 + 38776* 2 + 21626* + 488) 

- 2 9 -5 2 z 8 (6' + l) 4 



v — \ ( n\ ( n\ ( n + k\ ( k + A / 2Z\ / n 



k,l 



k I \ l I \ n I \ k I \n I \l — k 
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# 


differential operator D and coefficients A n , n = 0, 1, 2, . . . 


302 


D = 5 2 6* 4 + 5z(13076> 4 + 17986> 3 + 14296* 2 + 5300 + 80) 
+ 2V(363616> 4 + 751636> 3 + 806666* 2 + 433406* + 9120) 
+ 2 6 z 3 (43483 16» 4 + 9491766* 3 + 9668656» 2 + 5457006* + 118340) 
+ 2 n z 4 (4078636» 4 + 8454806* 3 + 6540486* 2 + 2198396* + 18634) 
+ 2 16 z 5 (2457146* 4 + 4748606* 3 + 3653786* 2 + 715956* - 11507) 
+ 2 21 z 6 (903626* 4 + 1538286* 3 + 1214786* 2 + 359676* + 2221) 
+ 2 26 • llz 7 (15176> 4 + 29326> 3 + 20876* 2 + 6216* + 59) 
- 2 31 • 11 2 2 8 (6»+ l) 4 




the reflection of #301 at infinity 




a formula for A n is not known 


303 


D = 13 2 6> 4 - 13z(15056* 4 + 27466* 3 + 21276* 2 + 7546> + 104) 
+ 2 2 z 2 (229616» 4 - 20866* 3 - 557416* 2 - 415746* - 9256) 
+ 2 5 z 3 (75246» 4 + 280986* 3 + 161316* 2 + 26916* - 52) 
- 2 7 z 4 (72416> 4 + 62146> 3 + 175226* 2 + 154236* + 4146) 
+ 2 8 z 5 (-60876* 4 - 18066* 3 + 39056* 2 + 37966* + 1036) 
+ 2 10 z 6 (5536* 4 + 40626* 3 + 44056* 2 + 17526* + 220) 
+ 2 14 z 7 (826* 4 + 2306* 3 + 2756* 2 + 1606* + 37) 
+ 2 18 z 8 (6> + l) 4 






304 


D = 9 4 + z(826* 4 + 986* 3 + 776* 2 + 286* + 4) 

- z 2 (-5536» 4 + 18506* 3 + 44636* 2 + 29166* + 636) 

- 2 2 z 3 (60876* 4 + 225426* 3 + 271996* 2 + 149166* + 3136) 

- 2 5 z 4 (72416> 4 + 227506* 3 + 423266* 2 + 299436* + 7272) 
+ 2 7 z 5 (75246» 4 + 19986* 3 - 230196* 2 - 246276* - 7186) 

+ 2 8 z 6 (229616» 4 + 939306* 3 + 882836* 2 + 281946* + 1624) 

- 2 10 • 13z 7 (15056> 4 + 32746* 3 + 29196* 2 + 12826* + 236) 
+ 2 14 • 13 2 z 8 (6* + l) 4 




the reflection of #303 at infinity 




a formula for A n is not known 



Remark 1. Double sums expressing coefficients A ni n — 0,1,2,..., occur in 
cases #28, 102, 193-198, 202, 212, 213 and several others. In all given examples 
we have 



^-E(-) 2 (-) 2 ( 2 ^')^^ - = 04,2,..., 
with a suitable binomial factor B n (i,j). 

Remark 2. In the table there are 25 pairs of differential equations dual at 
and oo, respectively. For the pairs (#22, #118), (#21,#71), (#23, #56) we 
know a simple formula for the coefficients. Then we have the sporadic pairs 
(#193,#198), (#210,#211), (#222,#225), (#246,#247), (#55,#277), where a 
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formula for A n at oo was found by chance. It would be desirable to find formulas 
for A n at oo also for the remaining 17 cases. An even more interesting question 
is: What is the geometric meaning of the instanton numbers at oo, e.g., for the 
cases #17, #21, #22, #23, #27, where we know the manifold? 

Remark 3. Most of the differential equations #242-290 were found by using 
Maple's Zeilberger on 

k 

(cf. Subsection l2.2|) . where a binomial expression C(n, k) sarisfies C(n, n — k) — 
C(n,k). Using this symmetry one sees that "A„" = 0, but Maple finds several 
bona fide differential equations and usually the correct coefficients are found by 
differentiation 

_ d"A n " 

which is the case in #244, #246, #247, etc., leading to harmonic sums contain- 
ing H n = £* =1 J -1 . However in some cases (like #242, #245, #259, #260, 
#261, #262, #264, #274, #279, #281, #282, #299) this is not enough. This 
will be explained in a forthcoming paper j2j. 
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B Table of powers 

We found that in most of the cases q(z)/z was a high power of a power series in 
Z[[z]] (and z(q)/q the same power of a power series in Similarly, yo{z) 

was a (not so high) power of an integral power series. In the following table we 
present (conjectured) powers r, s in 

q = 2(1 + C x z + ■ ■ ■ ) r , y = (1 + D lZ + ■ ■ ■ ) s ; 



the first column is reserved for numeration of cases. 
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257 


232 


1 


1008 


607849200 


(D)*(h), (B)*(«) 


ruTti 


233 


3 


1 AOA 
1020 


1 C 1 ^7 /I 1 AA 

151 f4100 


|(g)*(i)J(C)*(7) 


52 


234 


3 


1056 


15001120 






229 


235 


1 


1056 


138459552 






265 


236 


1 


1116 


349462868 


(f)*0), (D)*(C) 




237 


1 


1248 


683015008 






14 85 86 156 


238 


1 


1312 


58156708 






263 


239 


1 


1344 


109320512 


(h)*(i) 


ITTIimi 


240 


7 


1434 


18676572 








241 


1 


1488 


517984144 


(d)*(j),(D)*( £ ) 




O A O 

242 


-1 
1 


15s4 


1 71 E O /I OCA 






OOA 

239 


243 


1 


1616 


283183120 






300 


244 


1 


1818 


467810538 






267 


245 


4 


2300 


253765100 








246 


1 


2400 


2956977632 








247 


1 


2450 


623291900 








248 


1 


2484 


1327731388 


(g)*a). (d)*( 7 ) 


Eg 


249 


1 


2592 


81451104 


l(c)*(j)| 




250 


1 


2628 


3966805740 






8, 92 125 158 



101 





AT 

iV 


1 AT 1 
l^ll 


1 M 1 


Hadamard product 


#in 


Tabic A 


251 


44 


3180 


6378752 




285 


252 


1 


3488 


1142687008 


(i)*(i) 


ITollTKBI 


253 


1 


3616 


264403872 




288 


254 


1 


3936 


10892932064 


(D)*(i) 








255 


1 


4192 


2124587232 




12771 


256 


3 


4300 


1701817028 




292 


257 


2 


4900 


1246583800 




80, 




258 


1 


5408 


4296119968 




295 


259 


1 


5408 


22147077792 




254 


260 


1 


5472 


6444589536 


(e)*(j) 


EU [HHl EU 


261 


1 


7776 


66942277344 




m 


262 


1 


8224 


15542388128 




289 


263 


1 


10080 


24400330080 


(h)*(j) 


Isl l82l Il26l IT271 IT2Q1 


264 


1 


10912 


71557619232 




271 


265 


1 


14752 


711860273440 




fTlfTTfl 


266 


1 


26400 


230398034080 




12 


267 


1 


37216 


464865119712 




264 


268 


1 


41184 


5124430612320 


(D)*0). (D)*(/c) 


61 


269 


1 


57760 


3869123234080 




7 




270 


1 


67104 


28583248229280 




fHllBTlfTUSl 


271 


1 


70944 


3707752060576 




I27T7I 


272 


1 


80416 


15561562691488 




294 


273 


1 


93984 


25265152551072 




225 


274 


1 


188832 


101990911789344 




276 


275 


1 


201888 


40177844666400 


(])*(]) 


13, 166 


276 


1 


231200 


1700894366474400 




El El 


277 


1 


549216 


5134247872650720 




269 


278 


1 


678816 


69080128815414048 






9 




279 


1 


791200 


4288711075194400 






2 




280 


1 


2710944 


302270555492914464 






9 





Comments. We list |iVi| and | iVs | . The reason for not using AT 2 is that it is 
not invariant under the transformation q t— > —q. There are many differential 
equations in the table that are just transformations (by (Jj, Proposition 8) 



which transforms the Yukawa coupling K{q) h- > K(q r ) These differential equa- 
tions should not be in the table but we did not know this transformation when 
we found them. In the Superseeker table we identify K(q) and K(q r ) as the 
instanton numbers are just thinned out. 
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